FINANCE FOR ENERGY
MARKET RESEARCH CENTRE

)

o IR .
1. sl "“
&%

Forward Feynman-Kac Type Representation for
Semilinear Nonconservative Partial Differential
Equations

Anthony LE CAVIL, Nadia OUDJANE and Francesco RUSSO

Working Paper
RR-FiME-16-07

August 2016

e
‘‘‘‘‘‘‘

UNIVERSITE PARIS CREST statistique ECOLE

¢
POLYTECHNIQUE : : EDF



Forward Feynman-Kac type representation for semilinear

nonconservative Partial Differential Equations

ANTHONY LE CAVIL * NADIA OUDJANE " AND FRANCEScO RUSSO ?
August 12th 2016

Abstract

We propose a nonlinear forward Feynman-Kac type equation, which represents the solution of a non-
conservative semilinear parabolic Partial Differential Equations (PDE). We show in particular existence
and uniqueness in the first part of the article. The second part is devoted to the construction of a proba-
bilistic particle algorithm and the proof of its convergence. Illustrations of the efficiency of the algorithm

are provided by numerical experiments.
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1 Introduction

In this paper, we are interested in proposing a forward probabilistic representation of the following semi-
linear Partial Differential Equation (PDE) on [0, 7] x R?

0w = Liu + ul(t, z,u, Vu) 11)
u(0,-) = ug ,
where u is a Borel probability measure on R? and L* is a partial differential operator of the type
1A d
(Lig)(x) = 5 D Oais(t0)e)(x) = D dilgi(t.x)e)(x),  for p € CF(RY). (1.2)
,j=1 i=1

When A = 0, equation (L.J) is reduced to the classical Fokker-Planck PDE, that has been extensively

studied and for which very general existence/uniqueness results have been proved, see e.g. [3,[I]]. In this
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specific case, a forward probabilistic representation of (L) is related to the solution Y of the Stochastic
Differential Equation (SDE) associated with the infinitesimal generator L and the initial condition uo, i.e.

(1.3)

Yy = Yo+ [y ®(s, Ya)dW; + [ g(s,Ys)ds
Yo ~ g,

with ®®' = a. More precisely, if admits a solution Y, then the marginal laws (u:(dz),t > 0) of
(Yz,t > 0) satisfy the Fokker-Planck (also called forward Kolmogorov equation) which corresponds to PDE
(II) when A = 0. In this sense, the couple (Y, u) is a (forward) probabilistic representation of (L.).

In the case where A # 0, we propose a representation which is constituted by a couple (Y, u), solution of
the system

{ Yy = Yo + [5 ®(s, Ya)dWs + [} g(s,Ys)ds, Yo ~ ug o,

Jga (@)u(t, z)dx = E[@(Yt) exp (fot A(s,Ys,u(s,Ys), Vu(s, Yé))ﬂ, fort € (0,T], ¢ € Cy(R?) .

The main starting point of the paper is the following. If (Y, u) is a solution of (L4), then u solves (L) in the
sense of distributions. This follows by a direct application of Itd formula and integration by parts.

A function u solving the second line of (L4) will be often identified as Feynman-Kac type representation of
(LI). We emphasize that a solution to equation (.4) introduced here is a couple (Y, u), where Y is a process
solving a classical SDE, and u : [0,T] x R? — R satisfies the second line equation of (T4).

One could theoretically consider a variant of (IL4) where the functions ®, g depend on u so that the first
equation of the system is a McKean type SDE, but its investigation goes beyond the scope of the present
paper. Indeed, a solution (Y, u) of that McKean system would be a solution of a more general non-linear
equation than (ILI). In [17] and we have fully analyzed a regularized version of that McKean type
system, where @, g together with A also depend on the unknown function u, but no dependence on Vu was
considered at that level. The first paper focuses on various results on existence and uniqueness, the second
one on numerical approximation schemes. Even though, the present paper does not consider any McKean
type non linearity, it extends the class of nonlinearities considered with respect to (w.r.t.) Vu. Indeed, the
dependence of A appears to be more singular than in [17], since it involves not only u but also Vu allowing
to cover a different class of semilinear PDEs of the form (). Besides, the probabilistic representation (L.4)
will be directly related to the target PDE (1)), whereas [17] provides a probabilistic representation related to
an integro-differential equation corresponding to a regularization of the target PDE, without any theoretical
result ensuring the convergence of the regularization to the target PDE.

In addition to the theoretical interest of the probabilistic representations in general, associated numer-
ical schemes have also been the object of extensive developments in the literature. One major approach
which has been largely investigated for approximating solutions of time evolutionary PDEs is the forward-
backward SDEs (FBSDEs) method. FBSDEs were initially developed in [19], see also [18] for a survey and
for a recent monograph on the subject. The idea is to express the PDE solution v(¢, -) at time ¢ as the
expectation of a functional of a so called forward diffusion process X, starting at time ¢. Based on that idea,
many judicious numerical schemes have been proposed by [4}, 10]. However, all those rely on computing
recursively conditional expectation functions which is known to be a difficult task in high dimension. Be-
sides, the FBSDE approach is blind in the sense that the forward process X is not ensured to explore the
most relevant space regions to approximate efficiently the solution of the FBSDE of interest. The FBSDE
representation of fully nonlinear PDEs still requires complex developments and is the subject of active re-
search, see for instance [5]. Branching diffusion processes provide alternative probabilistic representation
of semilinear PDEs, involving a specific form of non-linearity on the zero order term. This type of approach



has been extended in [11 to a more general class of non-linearities on the zero order term, with the
so-called marked branching process. One of the main advantage of this approach compared to FBSDEs is
that it does not involve any regression computation to calculate conditional expectations. More recently, an
extension of the branching diffusion representation to a class of semilinear PDE has been proposed in [12].
The main idea of the present paper is to investigate the forward Feynman-Kac type representation (L.4)
with an extended class of nonlinearities considered through the weighting function A, depending both on
u and Vu. Forward Feynman-Kac formula and various types of related particle approximation schemes
were extensively analyzed in the reference books [6] and [7] but without considering the specific case of
a time continuous system (L4) coupled with a weighting function A which depends nonlinearly on u and
Vu. An interesting aspect of this approach is that it is potentially able to represent fully nonlinear PDEs, by
considering a more general class of functions ®, g and A which may depend non-linearly not only on u, Vu

but also on V?u. This more general setting could be investigated in a future work.

As we have mentioned, the focus of the paper is on (L.I) and on (I.4) which constitutes its natural prob-

abilistic counterpart. The natural interpretation for (@J) is the sense of distributions (weak solution), see
Definition 211 1. which is equivalent to the mild sense which is formulated with the help of semigroups,
see Definition 2] 2. provided there is a unique solution when A = 0, see Lemma Under Lipschitz
conditions on the second variable on @, g, Theorem [3.5 makes the bridge between analysis and probability
showing that (I4) admits a solution if and only if (I.T) admits a solution. Under Assumption 2 Proposition
B.6shows existence and uniqueness of the mild solution in L*([0, 7], W' (R%)). When A does not depend
on the gradient Theorem B.9] shows well-posedness in the larger space L'([0, 7], L*(R?)). Summarizing,
the first contribution of the paper is the well-posedness of the non-linear diffusion equation (I.4), which is
naturally associated with (LT).
As a second main contribution we propose and analyze an original Monte Carlo scheme (5.31) to approx-
imate the solution of (T4) and consequently also of the solution v of (IT) which constitutes an equivalent
(deterministic) form. This numerical scheme relies on three approximation steps: a regularization proce-
dure based on a kernel convolution, a space discretization based on Monte Carlo simulations of the dif-
fusion Y (I4) and a time discretization. Each resulting error is analyzed properly and their combination
allows to establish the convergence of the numerical scheme in Theorem[5.6] Section@danalyzes the conver-
gence and its approximation rate in L' of the solution u of (L) via a sequence of approximation u® which
are associated to the solution of a smoothed form of (1) i.e. 42). This is the object of Theorem .5 and
Corollary 71 In Section B} we present our original particle approximation scheme whose convergence is
established in Proposition5.2land[5.5] Section[flis finally devoted to numerical simulations.

2 Preliminaries

2.1 Notations

Let d € N*. Let us consider C? := C([0, T, RY) metricized by the supremum norm || - ||, equipped with its
Borel o— field B(C?) and endowed with the topology of uniform convergence.

Let (£, dg). P(E) denotes the Polish space (with respect to the weak convergence topology) of Borel proba-
bility measures on E naturally equipped with its Borel o-field B(P(£)). The reader can consult Proposition
7.20 and Proposition 7.23, Section 7.4 Chapter 7 in [2] for more exhaustive information. When d = 1, we
often omit it and we simply note C := C'. C,(E) denotes the space of bounded, continuous real-valued



functions on E.

In this paper, R is equipped with the Euclidean scalar product - and || stands for the induced norm for
z € R?. The gradient operator (w.r.t. « € R9) for differentiable functions defined on R? is denoted by V.
If there is no confusion, V will simply denote the gradient on R%. M, ,(R) denotes the space of R?*? real
matrices equipped with the Frobenius norm (also denoted | - |), i.e. the one induced by the scalar product
(A, B) € My ,(RY) x My ,(R) — Tr(A*B) where A! stands for the transpose matrix of A and 7'r is the trace
operator. Sy is the set of symmetric, non-negative definite d x d real matrices and S the set of strictly
positive definite matrices of S4.
M (R4) is the space of finite Borel measures on R?. When it is endowed with the weak convergence
topology, B(M ¢(R?)) stands for its Borel o-field. It is well-known that (M ;(R?), || - | 7) is a Banach space,
where || - ||y denotes the total variation norm.
S(R?) is the space of Schwartz fast decreasing test functions and S’(R?) is its dual. Cy(R?) is the space of
bounded, continuous functions on R? and C5°(R?) the space of smooth functions with compact support.
For any positive integers p, k € N, C}? := C}P([0, T] x R% R) denotes the set of continuously differentiable
bounded functions [0, 7] x R? — R with uniformly bounded derivatives with respect to the time variable
t (resp. with respect to space variable x) up to order k (resp. up to order p). In particular, for k = p = 0,
C;"° coincides with the space of bounded, continuous functions also denoted by C;. Co°(R?) is the space of
bounded and smooth functions. Cy(R%) denotes the space of continuous functions with compact support in
R For r € N, W"?(R?) is the Sobolev space of order  in (L?(R?), ||-||,), with 1 < p < oo. W,>! (R?) denotes
the space of functions f : R — R such that f and V f (existing in the weak sense) belong to L}, .(R?).

For convenience we introduce the following notation.

o V :[0,T] x C? x C x C%is defined for any functions z € C¢, y € C and z € C%, by

t
Vi(z,y,z) := exp (/ A(s,xs,ys,zs)ds> foranyt € [0,7]. 2.1
0

The finite increments theorem gives, for all (a, b) € R?,

exp(a) — exp(b) = (b — a)/o exp(aa + (1 — a)b)da . (2.2)

In particular, if A is supposed to be bounded and Lipschitz w.r.t. to its space variables (z,y, z), uniformly
w.r.t. t, we observe that (Z2) implies for all t € [0, T, z,2" € C¢, y,y €C, z,2" € C,

t
Ve(w,y,2) = Ve(a' 9/, 2)] < Lae™ / (lrs — 2l + lys — yil + |25 — 2])ds (2.3)
0

My (resp. L) denoting an upper bound of |A| (resp. the Lipschitz constant of A), see also Assumption 2l
In the whole paper, (2, F, (Fi)¢>0,P) will denote a filtered probability space and W an RP-valued (F;)-

Brownian motion.

2.2 Mild and Weak solutions
We first introduce the following assumption.

Assumption1. 1. ®and g are functions defined on [0, T] x R taking values in M ,(R?) and R%.
There exist Ly, Ly > 0 such that for any t € [0,T), (z,2) € R? x RY,

|®(t,z) — ®(t,2")| < Lo|x — 2|, (2.4)



and
|g(t,$) - g(taxlﬂ < L9|x - II' . (25)

2. The functions s € [0,T] — |®(s,0)| and s € [0,T] — |g(s,0)| are bounded.

In the whole paper we will write a = ®®!; in particular a : [0, 7] x R — S,. Through some definitions,
we make here precise in which sense we will consider solutions of the PDE (.T). We are interested in
different concepts of solutions u : [0, 7] x R? — R of that semilinear PDE where, for ¢ € [0, 7], L is given
by

d d
Y aii (@) (@) + ) gilt,2)die(x), ¢ € C3o(RY). (2.6)

i,j=1 i=1

Its “adjoint” L} defined in ([L.2), verifies

|~

(Lip)(x) =

[ tetaia)is = | plo)Liv@de , (o) € R, e 0.7), 7)
and the initial condition ug of (L) has to be understood in the sense that

lim o(z)u(dx) = / o(x)ug(dz) , forall p € C§°(RY) ,
t—=0 JRra R4

since, a priori, it can be irregular and not necessarily a function.
We observe that if A = 0, (L)) is the classical Fokker-Planck equation which can be understood in the sense
of distributions, i.e., for all ¢ € C5°(R4), ¢ € [0, T].

[ nttdorot@) = [ wotaarotor+ [ [ s dnaes. 08)

Under Assumption[I]it is well-known (see Introduction and Section 2.2, Chapter 2 in [21])), that there exists
a good family of probability transition P(s,zo,t,) (see Introduction and Section 2.2, Chapter 2 in [21]), for
which the Fokker-Planck equation (understood in the sense of distributions) is verified, i.e.

{ atP(S,Z'(),t,') :LIP(S,Z'(),t,') (2 9)

limg s P(s,20,t,-) = 6z,, 0<s<t<T,zg€R?.

Given a random variable Y, classical theorems for SDE with Lipschitz coefficients imply strong existence
and pathwise uniqueness for the SDE

dY, = ®(t,Y;)dW, + g(t,Y;)dt. (2.10)

By the classical theory of Markov processes (see e.g. Chapter 2 in [21]]), we know that the transition proba-
bility function P, satisfying (2.9), defines and characterizes uniquely the law of the process Y, provided the
law ug of Y} is specified. In particular, we have the following.

1. For t € [0, T, the marginal law of Y; is given for all ¢ € C,(R¢) by
Elp(Yy)] = / uo(daco)/ o(z)P(0, zq, t,dx) . (2.11)
Rd Rd
2. Forallp € Gy(RY)and 0 < s <t < T,

Ble(VIY:] = [ | ol@)P(s. Yoot o) (2.12)



Let A : [0,7] x RYx R x R — R be bounded, Borel measurable, we recall the notions of weak solution

and mild solution associated to (I.).
Definition 2.1. Let u : [0, T] x RY — R be a Borel function such that for every t €]0,T], u(t,-) € W5 ! (R%).

loc

1. w will be called weak solution of (L)) if for all p € C°(R?), t € [0,T),
t
/ o(z)u(t,x)dx — / o(x)up(de) = / / u(s,z)Lsp(x)dxds
R4 R4 0 Jre

+ /0 /Rd o(x)A(s, z,u(s, ), Vu(s,x))u(s, x)dxds .
(2.13)

2. w will be called mild solution of (L) if for all p € CS°(R?), t € [0, 77,
/ e(@)u(t,x)de = / cp(ac)/ uo(dxo)P(0, o, t, dx)
R4 R4 R4

+/ (/ ga(:c)P(s,:Eo,t,dx))A(s,xo,u(s,:Eo),Vu(s,zo))u(s,xo)dacods.
[0,t] xRe R4

(2.14)

The object of the first lemma below is to show to what extent the concept of mild solution is equivalent
to the weak one.

Lemma 2.2. We assume there exists a unique weak solution v of

O = Liv (2.15)
U(Oa ) =0 ) ‘

where L is given by (L2).
Then, w is a mild solution of (L) if and only if u is a weak solution of (L.I)

Remark 2.3. There exist several sets of technical assumptions (see e.g. [3|[9]]) leading to the uniqueness assumed in
Lemma[Z2 above. In particular, under items 1., 2. and 3. of Assumption (2 stated below (which will constitutes our
framework in the sequel), Theorem 4.7 in Chapter 4 of [9] ensures (classical) existence and uniqueness of the solution
of @.I5), see also Lemma[ZA below.

Proof. We first suppose that u is a mild solution of (II). Taking into account that P(s, zo,t, ) is a distribu-
tional solution of (2.9), classical computations show that u is indeed a weak solution of (L.T).
Conversely, suppose that u is a weak solution of (L), in the sense of Definition 2.1l We also consider

t
o(t,dx) = /RP(O,xo,t,dx)uo(dxo)—i—/O ds RdP(s,xo,t,dx)u(s,dxo)A(s,xo,u(s,xo),Vu(s,xo))dxo

t
= /P(O,:L’o,t,dl‘)’u,o(dl'o)+/ ds/ P(s,x0,t,dx)A(u)(s, z0)dz , (2.16)
R 0 R

where A(u)(t, z) := u(s, z)A(s, z,u(s, z), Vu(s,z)) for (s,z) € [0,T] x R%. We want to ensure that u = ©.
On the one hand, integrating the function o(¢, -) against a test function and using again that P(s, zo,t,-) isa
distributional solution of (2.9), we obtain that © is a weak solution of

{ 90 = Liv + A(u) (2.17)

’17(0, ) =ug ,



On the other hand, u being a weak solution of (L), it also satisfies (Z17) (in the sense of distributions). We
set v := v — . It follows that v and ¢ := 0 both satisfy (Z.15). Uniqueness of the solution of 2.I5) implies
that v = 0, which concludes the proof. O

3 Feynman-Kac type representation

We suppose here the validity of Assumption[Il Let ug € P(R%) and fix a random variable Y; distributed
according to ug and consider the strong solution Y of 2.10).

The aim of this section is to show how a mild solution of (L.I) can be linked with a Feynman-Kac type
equation, where we recall that a solution is given by a function u : [0,7] x R? — R satisfying the second
line equation of (L.4).

Given A : [0,7T] x R — R a bounded, Borel measurable function, let us consider the measure-valued
map p : [0,T] — M (R?) defined by

/Rd o(@)ult, dz) = E[@(Yt) exp (/Ot Als, Ys)ds)}, forall ¢ € Cy(RY), ¢ € [0,T] . (3.1)

The first proposition below shows how the map ¢t — pu(t, -) can be characterized as a solution of the linear

parabolic PDE

0w = Liv + A(t, z)v (32)
'U(O, ) = Uug .

Before stating the corresponding proposition, we introduce the notion of measure-mild solution.

Definition 3.1. A measure-valued map i : [0,T] — M (R?) will be called measure-mild solution of (3.2) if for
all p € C3°(RY), t € [0, 7],

/Rd o(x)u(t,dr) = /Rd o(x) /Rd uo(dxo)P(0, 2o, t, dz)
+ /[o,t]de (/Rd P(r, aco,t,dx)go(x)> /~\(7“, x0)p(r, dxg)dr. (3.3)

Remark 3.2. 1. Since y is a (finite) measure valued function, by usual approximation argquments, it is not difficult
to show that an equivalent formulation for Definition 2.1l can be expressed taking ¢ in Cy(R?) instead of o €
C°(RY).

2. Although the definition of mild solution (see item 2. of Definition of Z1) and the one of measure-mild
solution seem to be formally close, the two concepts do not make sense in the same situations. Indeed, the
notion of mild-solution makes sense for PDEs with nonlinear terms of the general form A(t, x, u, Vu), whereas
a measure-mild solution can exist only for linear PDEs. However, in the case where a measure ju on R,
absolutely continuous w.r.t. the Lebesgue measure dx, is a measure-mild solution of the linear PDE @3.2), its
density indeed coincides with the mild solution (in the sense of item 2. of Definition2.1) of (3.2).

Proposition 3.3. Under Assumption[] the measure-valued map p defined by 1) is the unique measure-mild solu-
tion of

{ 0w = Liv + A(t, z)v (3.4)

’U(O, ) =uo ,
where the operator Lj is defined by (I.2).



Proof. We first prove that a function p defined by (8.I) is a measure-mild solution of (3:4).
Observe that forall ¢ € [0, 7],

t ¢ _
exp (/ A(T, Y,.)dr) = 1 +/ /~\(r, Y,.)ef(; Als,Yo)ds g (3.5)
0 0
From (3.0), it follows that for all test function ¢ € C5°(R9) and t € [0, 7],

/Rd p(z)p(t, dz) E[@(Yt)eXp (/Ot/l(ﬁYr)dr)}

= E[p(Y:)] + /Ot E[%D(Yt)ﬁ(r, Y, )els A Yo)ds| gy (3.6)
On the one hand, by 2.I1), we have
Elo(Yy)] = /Rd uo(dx) /Rd o(x)P(0,20,t,dx), € CP(RY) and t € [0,T]. (3.7)
On the other hand, using @.12) yields, for ¢ € C§° (RY),0<r<t,
E[p(Y)A(r,Y,)eld Ae30s) - = B[R (r, Y,)eld AYIE [o(vy)| v, |

E|A
[( / )P(T,Yr,t,daz)) efJA<s7YS>ds}
= /Rd (A(r, x0) /]Rd o(x)P(r, :Eo,t,dx))u(ﬁ dxo) (3.8)

where the third equality above comes from (3.I) applied to the bounded, measurable test function z
A(r, 2) Jga @(x)P(r, z,t,dz). Injecting (B8) and B.7) in the right-hand side (r.h.s.) of B.6) gives for all ¢ €
Cs(RY), t € [0,T],

/Rd o(z)p(t,dr) = / ug(do) / P(0, z0, t, dz)p(x)dx

/ / (r, dzo)A(r, :L'())/ P(r,xq, t,dx)p(x) dr . (3.9)
0 JRrd

It remains now to prove uniqueness of the measure-mild solution of (3.4).

We recall that M ;(R?) denotes the vector space of finite Borel measures on R¢, that is here equipped with

the total variation norm || - ||7v. We also recall that an equivalent definition of the total variation norm is
given by
Il = sup | [ (@)t (3.10)
PECH(RT)! JRE
llelloe <1

Consider t € [0, 7] and let 1, 12 be two measure-mild solutions of PDE (B4). We set v := y1; — j5. Since A is
bounded, we observe that 3I) implies ||v(¢, -)||7y < +o0o. Moreover, taking into account item 1. of Remark
we have that v satisfies,

Y o € Cy(RY), /Rd olx)v(t,dx) = /0 /Rd A(r, z0)v(r, dzo) /Rd o(x)P(r,xo,t,dx) dr . (3.11)

Taking the supremum over ¢ s.th. |||l < 1in each side of 3.I1), we get
t
[ (t, ey < sup IA(S,JI)I/ [ (rs v dr . (3.12)
(s,z)€[0,T]xR4 0
Gronwall’s lemma implies that (¢, -) = 0. Uniqueness of measure-mild solution for (3.4) follows. This ends
the proof. O



The next lemma shows how a measure-mild solution of 34), which is a function defined on [0, T] can
be built by defining it recursively on each sub-interval of the form [r, 7 + 7]. In particular, it will be used in
Theorem [3.6land Proposition 4.4l Its proof is postponed in Appendix (see Section [Z.3).

Lemma 3.4. Let us fix 7 > 0 be a real constant and ¢ := (g :=0 < --- < oy 1= k7 < --- < an :=T) be a finite
partition of [0, T.
A measure-valued map 1 : [0,T] — Mz (R?) satisfies

(0, ) = ug
) ) (3.13)
p(t,dz) = [pu P(kT,x0,t, dx)p(kr, dro) + [, ds [pa P(s,xo,t, dz)A(s, zo)p(s, dzo) |

forallt € [kr, (k+1)r)and k € {0,--- , N —1}, ifand only if j1 is a measure-mild solution (in the sense of Definition
B of B4).

We now come back to the case where the bounded, Borel measurable real-valued function A is defined
on [0,7] x R x R x R% Let u : [0,7] x R? — R belonging to L*([0, 7], W 1(R%)). In the sequel, we set
A(t,2) := A(t,z,u(t,z), Vu(t,z)). p* will denote the measure-valued map 1 defined by G.I) with A = A*,

ie.,

/Rd o(z)ut(t, dz) = E[@(Y}) exp (/Ot Au(s, Ys)ds)}, forall ¢ € Cy(RY), ¢ € 0,77 . (3.14)

By Proposition B3] it follows that x* is the unique measure-mild solution of the linear PDE (B.4) with
A = A*. (BI3) can be interpreted as a Feynman-Kac type representation for the measure-mild solution
p* of the linear PDE (3.4), for the corresponding A“. More generally, Theorem B.5 below establishes such
representation formula for a mild solution of the semilinear PDE ([T).

Theorem 3.5. Assume that Assumption[Ilis fulfilled. We indicate by Y the unique strong solution of @2.10).
Suppose that A : [0,T] x R? x R x R? — R is bounded and Borel measurable. A function u : [0,T] x R — R in
LY([0, T), WHY(RY)) is a mild solution of (L) if and only if, for all € Cp(RY), t € 0,7,

t
[ etz =E[e(exs ([ Al Yeou(s, ), Vuls, Y.)] (3.15)
Rd 0
A function u verifying will be called a Feynman-Kac type representation of (L.T).

Proof. We first suppose that v is a mild solution of (II). The aim is then to show that u satisfies the
Feynman-Kac equation (3.15).
Since A is supposed to be bounded, Borel and wu is Borel, it is clear that

AUty x) == A(t, z,u(t, z), Vu(t, z)) (3.16)

is bounded and Borel measurable. On the one hand, by applying Proposition B3with A", it follows that ;"
(defined by (3.14)) is the unique measure-mild solution of

(3.17)

O = Liv + N“(t,z)v
'U(O, ) = Uq -

On the other hand, since u is supposed to be a mild solution of (L), u(¢, z)dz is also a measure-mild
solution of (3.17). By uniqueness of the solution of (3.17), for all ¢ € [0,7], we have u(t,z)dz = p“(t,dx).



Taking into account item 1. of Remark[B.2 it implies for all € C,(R), t € [0,T],

[ enttas = [ o e.dn)

Blevien [ R%(s.¥2))as]. by @D

E[ap(Yt)eXp (/OtA(s,Y;,u(s,Y;),Vu(s,Yg))dsﬂ, by B.16) .

Conversely, suppose that u satisfies the Feynman-Kac equation (3I5). Recalling (3.16) and setting
a(t, dz) == u(t, x)dz , (3.15) can be re-written

/Rd o(x)a(t,dx) = E{@(Y})exp (/Ot A“(S,Y;)ds)} . pECRY,te0,T]. (3.18)

Proposition B3 applied again with A" shows that [i is the unique measure-mild solution of (3.17). In partic-
ular for every ¢ € C§°(R?),

[ ettt = [ s@at.d)
R Rd
= /]Rd uo(dzo)/Rd P(0,x0,t, dz)p(z)dx
. /Ot /]Rd( 5 P(r,xo,t,dx)go(x))A(r,xo,u(r,xo),Vu(r,xo))u(r,xo)dxo dr.
(3.19)

This shows that u is a mild solution of (L.T) and concludes the proof. O

We now precise more restrictive assumptions to ensure regularity properties of the transition probability
function P(s, x¢, t, dz) used in the sequel.

Assumption2. 1. ® and g are functions defined on [0,T] x R? taking values respectively in My ,(R) and R%.
There exist o €]0,1], Cy, Lo, Ly > 0, such that for any (¢,t',z,2') € [0,T] x [0,T] x R? x RY,

|D(t,z) — ®(t,2")| < Cult —'|* + Lo|z — 2|,

and
lg(t,z) — g(t',a")| < Calt —t'|* + Lglz — 2/ .

2. ® and g belong to Cg . In particular, ®, g are uniformly bounded and Mg (resp. M,) denote the upper bound
of |®| (resp. |g|).

3. @ is non-degenerate, i.e. there exists ¢ > 0 such that for all x € R4

t
inf inf (v, (I)(& x)(b (S’ x)v>
$€[0,T] veR4\ {0} |v?

>e> 0. (3.20)

4. A is a Borel real-valued function defined on [0, T] x R x R x R% and Lipschitz uniformly w.r.t. (t, ) i.e. there
exists a finite positive real, Ly, such that for any (t,z, 21, 2}, 22, 2) € [0,T] x R? x R? x (R9)?, we have

|A(t, @, 21, 20) — A(t, @, 21, 25)| < La(Jz1 — 21| + |22 — 25]) - (3.21)
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5. A is supposed to be uniformly bounded: let My be an upper bound for |A|.

6. g is a Borel probability measure on R? admitting a bounded density (still denoted by the same letter) belonging
to WHL(RY).

Theorem 3.6. Under Assumption [ there exists a unique mild solution w of (L) in L*([0,T], WL1(R?)) N
L>=([0,T] x R%,R).

The idea of the proof will be first to construct a unique "mild solution" u* of (L) on each subintervals
of the form [k, (k 4+ 1)7] with k € {0,--- ,N — 1} and 7 > 0 a constant supposed to be fixed for the mo-
ment. This will be the object of Lemma[3.7] Secondly we will show that the function u : [0,7] x R? — R,
defined by being equal to u* on each [k, (k + 1)7], is indeed a mild solution of (L) on [0,7] x R%. This
will be a consequence of Lemma[3.4] Finally, uniqueness will follow classically from Lipschitz property of A.

Let us fix ¢ € L'(RY) N L>°(R?). For r € [0,T — 7], we first define a function %g on [r,r + 7] x R? by
setting

uo(r, @) (t,z) == /Rd p(r, o, t, 2)d(x0)dxo, (t,z) € [r,r+ 7] x RY, (3.22)

Consider now the map I : L ([r, r + 7], WEH(R®)) — LY([r,r + 7], WE1(R?)) given by

(v)(t,z) == ff ds [a p(s, w0, t,)A(s,z0,v + Ug(r, d), V(v + U (r, 9))) (v + uo) (r, ¢)(s,z0)dxo ,  (3.23)

A(t,z,0, V) == A(t, z,0(t, 2), Vo(t, z))  with (t,2) € [0,T] x R%, (3.24)

that will also be used in the sequel.
Later, the dependence on r, ¢ will be omitted when it is self-explanatory. Since ¢ and ug belong to L* (RN
L>(R%), we have

[ao(t, )l < [l¢lln and  [uo(t, oo < [[6lloc, ift € [r,r+7]. (3.25)

The lemma below establishes, under a suitable choice of 7 > 0, existence and uniqueness of the mild
solution on [r,r + 7], with initial condition ¢ at time r, i.e. existence and uniqueness of the fixed-point for
the application IL

Lemma 3.7. Assume the validity of AssumptionQ Let ¢ € L*(R?) N L°°(R).

Let M > 0 such that M > max(||¢||so; ||@ll1). Then, there is 7 > 0 only depending on My and on C,, ¢, (the
constants coming from inequality (ZI7), only depending on ®, g) such that for any r € [0, T — 7], Il admits a unique
fixed-point in L*([r,r + 7], B(0, M)) N Buao (0, M), where B(0, M) (resp. B (0, M)) denotes the centered ball in
WHL(RY) (resp. L>([r,r + 7] x RY,R)) of radius M.

Proof. We first insist on the fact that all along the proof, the dependence of uy w.r.t. 7, ¢ in will be
omitted to simplify notations. Let us fix r € [0,T — 7].

By item 1. of Lemmal7.4] the transition probabilities are absolutely continuous and P (s, zo, t, dz) = p(s, zo, t, z)dz
for some Borel function p. The rest of the proof relies on a fixed-point argument in the Banach space
LY([r,r + 7], WEY(RY)) equipped with the norm [ f][1,1 := [77 [|f(s,")|lw1.1(reyds and for the map II
@23). Moreover, we emphasize that L!([r,r + 7], B(0, M)) N B (0, M) is complete as a closed subset

of LY([r,r + 7], B(0, M)).
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We first check that H(Ll([r, r + 7], B(0, M)) N Boo (0, M)) c L'([r,r + 7], B(0, M)) N Boo (0, M). Let us fix
v e LY[r,r + 7], B(0, M)) N Bo (0, M). Indeed, for t € [r,r + 7],

LTSI I IO

IN

My / (lo(s, )l + (s, Il )ds
< 2MaMr, (3.26)

where we have used the fact that « — p(s, zo, ¢, z) is a probability density, the boundedness of A and the
bounds [|u(s,-)||1 < M and ||ag(s, )1 < M for s € [r,7 + 7).

Let us fix t € [r,r + 7]. Since the transition probability function = — p(s, zo,t,z) is twice continuously
differentiable for 0 < s < ¢ < T (see item 2. of Lemma [7.4) and taking into account inequality (Z17), we
differentiate under the integral sign to obtain that VII(v)(¢, -) exists (in the sense of distributions) and is a
real-valued function such that for almost all = € R¢,

t
VH(U)(taZ) = / ds/ Vzp(S,:Eo,t,:E)(’U +%)(S,$0)A(S,£EO,U +ﬂB,V(U +ﬂ6))d10 (327)
r R4
Integrating each side of (3:27) on R¢ w.r.t. dz and using inequality (ZI7) (with (m1,ms) = (0, 1)) yield

IVII(w)(£,)[: - = IVH(’U)(t,:E)Idx

Cu“" —culz—zg]

MA/ 7= fote [ o=

= C’MA/ \/m/]Rd (|U(s,x0)|+|u/\o(s,xo)|)dxo
< My [ (ol )l + G )) 5
< ACMAMy/T, (3.28)

IN

[v(s, o)| + [uo(s, zo)|)dao

]

with €' := C’(Cu, ¢y) > 0and Cy, ¢, are the constants coming from inequality (Z12) and only depending on
@ and g. Consequently, taking into account (3.26) and (3.28), we obtain,

r+T N
(ITI(v)||1,1 = / ITL(v) (£, ) [[wr1 maydt < IM My (7% + 207V7T) . (3.29)

Moreover using again inequality (ZI7), with (m1, m2) = (0,0), gives existence of a constant C' := C(Cy, ¢,,)
such that

IM(0)]lee < 2CMMyT . (3.30)
Now, setting
1 1 3 1
= mi ; = P ——= , 3.31
’ mm( 6My’ <1QC’MA) 6CMA) (3.31)

we have

. 2M _ M
IM My (12 +2CT/T) < =~ and 20MMyr < —

which implies
()11 <M and  [[II(v)]ec < M.
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We deduce that I1(v) € LY([r,r + 7], B(0, M)) N B (0, M).
Let us fix t € [r,r + 7], v1,v2 € LY([r,r + 7], B(0, M)) N B (0, M). A being bounded and Lipschitz, the
notation introduced in (3.24) and inequality 2.3) imply

ITL(v1)(t, ) — T(wa) (£, )1 < [ ds /]Rd v1(8,20)A(s, 0, v1 + Ug, V(v1 +g)) — va(s, z0)A(s, o, v2 + Ug, V(ve + %))‘dfvo
+ /t ds /]R o (s, o) ‘A(s, 0,01 + g, V(v1 + ) — A(s, 2o, v2 + g, V(v2 + qu))\dwo
< /Tt ds(/]Rd [v1(s, o) — v2(s,xo)| [A(s, zo, v1 + o, V(v1 + Ug))|dzo
L / s / ([@(s, 20)| + va(s, 20)l) fon (s, 20) = va(s, x0) dzo
+La /: ds /Rd ([@o(s, z0)| + |v2(s,20)|) Vi (s, o) — Vva(s, xo)|dao
< (3.32)

t
(MA + QMLA)/ ||’U1($7 ) - 'UQ(S, ')le,l(Rd)dS ,
where we have used the fact that [, p(s,zo,t,2)dz =1, 0<s <t <T.
In the same way and by using inequality (Z17) with (m,m2) = (0,1),
[ (1) - i) ) e

lz—xg|?
s <|v1(s,x0) — va(s, )|

Cu

< Cu(Ma +2MLy) /
1 Rd

+ |V (s, z0) — va(s,x0)|>dx0dsdx . (3.33)
By Fubini’s theorem we have
- [t
|9 () —ne) )], < € [ (o) = vt uods. (3:34

with C' := C(Cl, ¢y, Ma, Ly, M) some positive constant. From (3.32) and (38.34), we deduce there exists a
strictly positive constant C' = C(Cy, ¢y, ®, g, A, M) (which may change from line to line) such that for all
telrr+r7),

M)t = W)t Mwraey < O [ fortone) = s, s uayds

+/T \/i_snvl(s,.) 7v2(s,-)|\wl,1(mds}. (3.35)

Iterating the procedure once again yields

()6~ P2t s < C{ [ [ 1016, = 0206, s ey

t S 1 1
i e n(8,) — e (8, )|y gy dOds b
| [ =m0, = a0, os

(3.36)
forallt € [r,r 4 7]. Interchanging the order in the second integral in the r.h.s. of (3.36), we obtain
[ [ a0~ 0 syttt = [ 01010, =0, Mo ey [ 2~
————v1(0,-) —v2(0,")|lw1a 5 = v1(0,-) —va2(0, )| ————ds
r Jr VE—5+s—0 ! ? Wt R » ! ? W (R 0 Vt—s+/s—0
t o 1 1
= do 0,-) —v2(0,)|lwra ———dw,
/T Hvl( ? ) UQ( Y )”W (Rd)/o m\/@ w
t
< 4 Hvl(H,-)—v2(9,-)||W1,1(Rd)d9, (337)
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where the latter line above comes from the fact for all § > 0, f(? \/ﬁ ﬁdw = fol \/%_w ﬁdw =TI(3),T

denoting the Euler gamma function.
Injecting inequality (3.37) in (3.36), we obtain for all ¢ € [r,r + 7]

t
T2 (1) (8, ) = TP (o) (¢, lwra ey < 50/ [01(s, ) = va(s, ) lwraayds - (3.38)

Iterating previous inequality, one obtains the following. Forallk > 1,¢ € [r,r + 7],
2k 2% e M =8
[T% (v1) (¢, <) = I (v2) (8, ) lwr ey < (BO) / W'
By induction on k£ > 1 (3.39) can indeed be established. Finally, by integrating each sides of (3.39) w.r.t. d¢
and using Fubini’s theorem, for £ > 1, we obtain

[v1(s, ) —va(s, )1 (rayds . (3.39)

T ok 2k S
/ HH (’Ul)(t7 ) —1II (’Ug)(t7 -)HWl,l(Rd)dt < (50) m/ HUI(Sa ) — ’UQ(S, -)le,l(Rd)dS .

(3.40)

For ko € Nlarge enough, %E’(if_)i;, will be strictly smaller than 1 and IT1?*0 will admit a unique fixed-point by
Banach fixed-point theorem. In consequence, it implies easily that I will also admit a unique fixed-point

and this concludes the proof of Lemma[3.7] O

Proof of Theorem 3.6l Without restriction, we can suppose there exists N € N such that 7' = N7, where we
recall that 7 is given by (3.31). Similarly to the notations used in the preceding proof, in all the sequel, we
agree that for M > 0, B(0, M) (resp. B (0, M)) denotes the centered ball of radius M in W1 (R?) (resp.
in L>=([0, 7] x R4, R) or in L>=([r,7 + 7] x R%, R) for r € [0,7 — 7] according to the context). The notations
introduced in (3.24) will also be used in the present proof.

Indeed, forr = 0, ¢ = ug and M > max(||uo||o; [|uol1), LemmaBZimplies there exists a unique function
001 [0, 7] x RY — R (belonging to L([0, 7], B(0, M)) N Bs (0, M)) such that for (¢,z) € [0,7] x R¢,

t
WOt z) = / ds/ p(s,zo,t,2)(v° (s, 0) + ’TLBO(S, :E()))A<S, 20, 0" + 0", V(° + ’TLBO))de , (3.41)
0 Rd
where 7" (t, ) is given by (3:22) with ¢ = uy, i.e.
ﬂBO(t,x) = / (0, o, t, x)ug(zo)dzy , (t,z) € [0,7] X R? . (3.42)
]Rd

Setting u® := o + 10, ie.

ul(t,-) = /Rd p(0, 20, t, Yuo(zo)dxo +0°(t,-), te[0,7], (3.43)

it appears that u" satisfies for all (¢,z) € [0, 7] x R¢
ul(t,x) = /Rd (0, 20, t, )ug(zo)dxo + At ds /Rd p(s, xo,t, 2)u’ (s, 20)A(s, o, u’, Vul)dxg . (3.44)
Let us fix k € {1,---,N — 1}. Suppose now given a family of functions u',u?,--- ,u¥~!, where for all

je{l,--  k—1},4 € LY([jr, (j + 7], WEHRY)) N L ([j, (j + 1)7] x R% R) and satisfies for all (¢, ) €
i, (G + D7) x RY,

t
u (t, ) :/ p(jr,xo,t,x)uj_l(jr,xo)dxo+/ ds/ p(s,zo,t, 2)ul (s, 20)A(s, z0,u’, Vul)dzy . (3.45)
R4 JT R4
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Let us introduce

Ut () = up(ut)(t, )
= / p(kT, xo, t, z)ukil(kT, xo)dzg , (t,x) € [kr, (k+ 1)7] R? | (3.46)
]Rd

where the second inequality comes from (38.22) with r = k7 and ¢ = u*~!(kr,").

By choosing the real M large enough (i.e. M > max(|[u*~1(kT, )| c0; [|u*~1(k7,")||1)), Lemma B.Z applied
with 7 = k7, ¢ = uF~1(k7, ) implies existence and uniqueness of a function v* : [k7, (k+1)7] x R? — R that
belongs to L ([kT, (k + 1)7], B(0, M)) N B (0, M) and satisfying

t
’Uk(t7$) = / dS/ p(S,xo,f,l‘)(Uk(S,xo) +ﬂsk(sal‘0))A(saan’Uk +%kav(vk +U/A0k))dl‘0 ) (347)
kT R4

forall (t, ) € [k, (k + 1)7] x R Setting u* := " + v*, we have for all (, z) € [k, (k + 1)7] x R?
¢

uk(t,x):/ p(k}T,l‘o,t,l‘)uk_l(lﬁ',l‘o)dl‘o+/ ds/ p(s, zo, t, )u” (s, 20)A(s, xo, u*, Vur)dzy . (3.48)
R4 k Rd

Consequently, by induction we can construct a family of functions (u” : [k7, (k + 1)7] x R? — R)g—q,... n—1
such that forallk € {0,--- , N—1},u* € LY([kr, (k+1)7], WL (RY)) N L ([kT, (k+1)7] x R%, R) and verifies
GA3).

We now consider the real-valued function u : [0,7] x R? — R defined as being equal to u* (defined by
(348)) on each interval [k, (k + 1)7]. Then, Lemma[B.4 applied with 7 given by (3.31) and

d=(ap:=0< - <ap:=kr<---<ay:=T=N7) , p(tde)=u(t z)de, (3.49)

shows that u is a mild solution of (L) on [0, 7] x R¢, in the sense of Definition 2]} item 2. It now remains
to ensure that u is indeed the unique mild solution of (L) on [0, T'] x R belonging to L ([0, 7], W(R%)) N
L>=([0,T] x R% R). This follows, in a classical way, by boundedness and Lipschitz property of A.

Indeed, if U, V are two mild solutions of (L), then very similar computations as the ones done in (3:32),
B34), and to obtain give the following. There exists C' := C(®, g, A, U, V) > 0 such that

T - pi-t T
/0 HU(t,) - V(t,')”wl,l(Rd)dt S (5C)jm/ ||U(S,) *V(S,')le,l(Rd)ds. (350)
+JO

If we choose j € N* large enough so that (5C)j% < 1, we obtain U(t,xz) = V(t,x) for almost all

(t,x) € [0,T] x R This concludes the proof of Theorem 3.6 O

Corollary 3.8. Under Assumption[2} there exists a unique function u : [0,T] x RY — R satisfying the Feynman-
Kac equation BI5). In particular, such u coincides with the mild solution of (LI).

In the case where the function A does not depend on Vu, existence and uniqueness of a solution of (L)
in the mild sense can be proved under weaker assumptions. This is the object of the following result.

Theorem 3.9. Assume that Assumption[lis satisfied. Let ug € P(R?) admitting a bounded density (still denoted
by the same letter). Let Y the the strong solution of @2.10) with prescribed Y.

We suppose that the transition probability function P (see 29)) admits a density p such that P(s,zo,t,dz) =
p(s, zo, t,x)dz, forall s,t € [0,T), xo € RL A is supposed to satisfy items 4. and 5. of Assumption2] Then, there
exists a unique mild solution u of (1) in L*([0, T, L*(R?)), i.e. u satisfies

t
u(t, z) = /Rd p(0, o, t, 2)ug(xo)dxg —l—/o /Rd p(s, 20, t,x)u(s, x0)A(s, xo, u(s, o))dzo ds, (t,x) € [0,T] x R%.
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Proof. Since this theorem can be proved in a very similar way as Theorem .6 but with simpler computa-
tions, we omit the details. O

4 Existence/uniqueness of the Regularized Feynman-Kac equation

In this section, we introduce a regularized version of PDE (LI) to which we associate a regularized Feynman-
Kac equation corresponding to a regularized version of (3.15). This regularization procedure constitutes a
preliminary step for the construction of a particle scheme approximating (3.15). Indeed, as detailed in the
next section devoted to the particle approximation, the point dependence of A on u and Vu will require to
derive from a discrete measure (based on the particle system) estimates of densities u and their derivatives
Vu, which can classically be achieved by kernel convolution.

Assumptionl]]is in force. Let uy be a Borel probability measure on R? and Y; a random variable distributed
according to ug. We consider Y the strong solution of the SDE 210).

Let us consider (K. ).0, a sequence of mollifiers such that

K. — 6, (weakly) and Ve >0 K. e W (R)NWE=(RT). (4.1)
e—>

Let A : [0,7] x RYx R x RY — R be bounded, Borel measurable. As announced, we introduce the following
integro-PDE corresponding to a regularized version of (L)

{ Biye = Ly + veA(t, o, Ko % 1, VKL % ) @2

Yo = Uo -
The concept of mild solution associated to this type of equation is clarified by the following definition.
Definition 4.1. A Borel measure-valued function ~y : [0,T] — M ¢(R?) will be called a mild solution of {2) if
it satisfies, for all p € C§°(R?),t € 0,7,

/Rd o(x)y(t,dz) = /Rd o(z) /Rd uo(dxo)P(0, 0, t, dz)

b [ ([ el Pl tdn) ) A (s, 0, (K 5905, ) o). (V55 )) )1 5 do)ds
[0,t] xRe R4
(4.3)
Similarly as Theorem[B.5] we straightforwardly derive the following equivalence result.

Proposition 4.2. Suppose that Assumption [land @I) are fulfilled. We indicate by Y the unique strong solution
of @I0). A Borel measure-valued function v : [0,T] — M ¢(R?) is a mild solution of @&2) if and only if, for all
© € Cy(RY), t €[0,T),

| etnitan = Efetien (| A8 Ya (K2 +19)(02), (VK. 99 (%)) ds)] (44)

Proof. The proof follows the same lines as the proof of Theorem[3. First assume that +° satisfies (£.4), we
can show that 7¢ is a mild solution .2) by imitating the first step of the proof of Proposition 8.3 Secondly,
the converse is proved by applying Proposition B3 with A(t,z) := A(t, z, (K. % 75)(z), (VK. % 75)(z)) and
wu(t, dx) := i (dx). O
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Let us now prove existence and uniqueness of a mild solution for the integro-PDE (@.2). To this end, we
proceed similarly as for the proof of Theorem 3.6 using Lemma Let 7 > 0 be a constant supposed to be
fixed for the moment and let us fixe > 0, r € [0, — 7]. B([r,r + 7], M s(R?)) denotes the space of bounded,
measure-valued maps, where M ¢(R?) is equipped with the total variation norm || - ||7. We introduce the
measure-valued application I1. : 3 € B([r,r + 7], M ;(R?)) — TI.(j3), defined by

I (B)(t,dx) = //]Rd (s,x0,t,dx) A(s xo, (Ke * ﬂ( ))(Zo),(VKE*B(S,~))(x0)) B\(s,dazo)ds.
B(s,:) = )+ (s, ) (4.5)

where the function g, defined on [r,r + 7] x M;(R?), is given by
uo(r, m)(t, dx) = / p(r, zo,t,dx)m(dxo), t € [ryr + 7], T € Ms(RY), (4.6)
Rd

similarly to (3.22). In the sequel, the dependence of %y w.r.t. r, 7 will be omitted when it is self-explanatory.

Lemma 4.3. Assume the validity of items 4. and 5. of Assumption2and of @I). Let = € B(0, M).

Let us fix e > 0 and M > 0 such that M > ||x||7v. Then, there is T > 0 only depending on My such that for any
€ [0, T — 7], II. admits a unique fixed-point in B([r,r + 7], B(0, M)), where B(0, M) denotes here the centered

ball in (M (R?), || - ||l7v) with radius M.

Proof. Let us define 7 := 57— For every A > 0, B([r,r + 7], M;(R?)) will be equipped with one of the
equivalent norms

1Blrva = sup e M8t )y - (4.7)

ter,r+7]

Recalling @.0), where 7, is defined by (.6), it follows that for all 8 € B([r,r + 7], B(0, M)), t € [r,r + 7],
||HE( )( )HTV <MA/ ||ﬂ |TvdS+MAMT<2MMAT<M (4.8)
where for the latter inequality of (£.8) we have used the definition of 7 := ﬁ We deduce that II(B([r, r +

7], B(0,M))) C B([r,r + 7], B(0, M)).
Consider now 3, 3% € B([r,r + 7], B(0, M)). For all A > 0 we have

LB (¢, ) — TL(B3(t, Yy < / 1815, 7) — B2(5. )l (Lall Kellooll B (5. iy + Ma)ds
LA VE: e / 18" (s, Vv 18 (s, ) — B(s, ) vds
+ Ia(IKe oo + [ Vel o) / @0, Mrv I8 (s. ) — B(s. lrvds
t T
< Cr / 18Y(s, ) — B2(s, v ds
0
C. EDN 1 _ 2 d
< ,T/Oe 18" = B|lrva ds

)‘tf].
Y ’

= CorlB' = B2llrva & (4.9)
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with C. 7 := 2LAM (|| K¢l|oo + || VE:|loo) + Ma. It follows

IT(8Y) =T (8*)lrva = [sup ]e’”llﬂ(ﬂl)(tw)*H(ﬁg)(tw)llzrv
te[r,r+1
17€7At
< (. L 32 sup (| ——
< Cerl8' = Blrva sup (—5—)
Ce,T 1 2
< =8 = Bllrva - (4.10)

Hence, taking A > C. r, IL. is a contraction on B([r,r + 7], B(0, M)).
Since B([r,r + 7], (M (R?), || - [|7v,»)) is a Banach space whose B([r,r + 7], B(0, M)) is a closed subset, the
proof ends by a simple application of Banach fixed-point theorem. O

The next step is to show how the proposition above, with the help of Lemma[3.4] permits us to construct
a mild solution of @.2). The reasoning is similar to the one explained in the proof of Theorem[3.6] Indeed,
without restriction of generality, we can suppose there exists N € N* such that 7' = N7. Then, for all
k = 0,---,N — 1, Lemma [£3 applied on each interval [k7, (k + 1)7] (with r = k7, 7 = B~ 1(kr,") for
k > land m = ug for k = 0) gives existence of a family of measure-valued maps (3% : [k7, (k + 1)7] —
MR,k =0,---,N — 1) defined by

t -~ . o~
BE(t,dr) = /k /Rd P(s,xo,t, dx)A(s,xo, (K. BE (s, ) (z0), (VK. % B (s, ))(Jco)) B (s, dxo)ds .
Bi(s.) = BE(s.)+T"(s,0). (4.11)
where for k = 0,t € [0, 7],

ay(t,dzr) = / P(0,z0,t,dz)ug(dzo) , by @) with m = v, (4.12)

Rd

and forallk € {1,--- ,N}, t € [kr, (k+ 1)7],

Wt de) = W), de)
= / P(kt,x0,t,d2) 351 (k7,dxo) , by @B) with 7 = = (kr,-) . (4.13)
Rd

We now consider the following measure-valued maps Us [0,T] = Ms(R?) and 8. : [0,7] — Ms(R?)
defined by their restrictions on each interval [k, (k + 1)7],k =0,--- , N — 1 such that

Uolt, ) =" (t,2) and Be(t,x):= BE(t,x) for (t,x) € [kr, (k+ 1)7] x R? (4.14)
and we finally define 7° : [0, 7] — M ;(R?) by
v :=Up + B. on [0, T] x R%. (4.15)

To ensure that 7° is indeed a mild solution on [0,77] x R (in the sense of Definition &) of the integro-PDE
(#2), it is enough to apply LemmaBAwith 7 := 5, u(t, dz) := 7 (t,dz) and (ay, = kT)g=0,.. N-
Previous discussion leads us to the following proposition.

Proposition 4.4. Suppose the validity of Assumption[lland items 4. and 5. of Assumption[2) Suppose also that @T)
is fulfilled. Let us fix € > 0 and let v denote the map defined by @I5). The following statements hold.

1. ¢ is the unique mild solution of the integro-PDE [@&2), see Definition £}
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2. ~¢ is the unique solution to the reqularized Feynman-Kac equation (&.4).

Proof. The existence of a mild solution ¢ of (4.2) has already been proved through the discussion just above.
It remains to justify uniqueness. Consider v*'!, 752 be two mild solutions of (£.3). Then, with similar com-
putations as the ones leading to inequality (£.10), there exists a constant € := €(My, Ly, || Kz oo, [[VE: | 00) >
0 such that

611 f—

¢
7= =7 lrva < S =2 lrva (4.16)

for all A > 0 and where we recall that || - |7, \ has been defined by 7). Taking A > €, uniqueness follows.
This shows item 1. Item 2. follows then by Proposition .21 O

The theorem below states the convergence of the solution of the regularized Feynman-Kac equation [#.4)
to the solution to the Feynman-Kac equation (3.15). This is equivalent to the convergence of the solution of
the regularized PDE #@.2) to solution of the target PDE (L.I), when the regularization parameter ¢ goes to
zero.

Theorem 4.5. Suppose the validity of Assumption2) Suppose also that @I) is fulfilled. For any e > 0, consider the
real valued function u® such that for any t € [0,T],

ut(t, ) == K¢ %7 (4.17)

where ~¢ is the unique solution of both @&4) and @2). Then u® converges to u, the unique solution of both (3.15)
and (1), in the sense that

() = u(t. ) + VU (L)~ Vult, Y — 0. foranyt € (0.7 @18
Before proving Theorem[4.5] we state and prove a preliminary lemma.
Lemma 4.6. Suppose the validity of AssumptionQand of @I). Consider u the unique solution of 315), then for
allt € (0,7
t
u(t,z) = Fo(t, ) —|—/ E[p(s, Y, t, 2)A(s, Yy, u, Vu)efob A(T’Y"’“’V“)dr} ds, dz a.e. (4.19)
0

For a given & > 0, consider u¢ defined by @IZ7). Then for almost all x € R and all t € [0, T],

t
W (t, 1) = (K. * Fo(t, ) (x) + / E[(KE*p(s,Ys,t,-))(:E)A(S,YS,uE,Vug)efdgA(T’Y"’“E’V“E)dr}ds, (4.20)
0

where Fy(t,z) = f]Rd p(0, z0,t, 2)ug(z0)dxo for t > 0,2 € R and Fy(0,-) := ug. We remark that we have used
again the notation

A(s, -, v,Vv) = A(s, -, v(s,-), Vu(s, ), t€][0,T], (4.21)
for v e LY([0, T), WELL(R?)).

Proof. Equalities (@.19) and @.20) are proved in a very similar way, so we only provide the proof of equation

#20).
We observe that for all t € [0, 7], v € L'([0, 7], WH1(RY)),

t
elo ArYrw(rYo), Vo(rYo)dr — — g [ A (r Y, 0(r,Y,), Vo(r, Y,))edo AsYew(sYe), Vu(s ¥o))ds
0
(4.22)
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Taking into account the notation introduced in @21)), #22) above implies for almost all z € R¢,

u(t,z) = IE[KE(:cht) exp{/OtA<s,}@,u€,VuE)ds}]

t
E[K.(z - )| + / E[K(z = YOA(r, Yy, uf, Vue)eld Ao 90 g
0

K.(z—y) / p(0, 20, £, )00 )dio dy +
R4 R4

/;IE{E[KE(:EY;)
= (K.* Fp)(t,)(x) +

Yr} A(r, Yy, uf, Vus)elo A(S”/S’“a’vua)dﬂ dr

t
/ E[( [ Ke(w—y)p(r Yo ty)dy) A, Vi, uf, Vue)eld Ae¥ant Vi) g
0 Rd
= (Ko Fo)(t,)(2) +
t
/ E[(Ke 5 p(r, Yo, t, ) (@) A(r, Yo, uf, Vu)elo A<5’Ys’“57V“E>dS} dr . (4.23)
0
This ends the proof. O

Proof of Theorem In this proof, C denotes a real constant that may change from line to line, only depend-
ing on My, Ly, Cy, ¢, and |lug|/o, where we recall that the constants C,,, ¢, come from inequality (Z17)
(and only depend on @, g).

We first observe that for ¢ = 0, the convergence of u*(0,-) (resp. Vu©(0,-)) to u(0,-) (resp. Vu(0,-)) in
LY (R%)-norm when ¢ goes to 0 is clear. Let us fix t € (0, 7].

By Lemmal[6) for almost all # € R?, we have the decomposition

u(t,x) —u(t,z) = (Kex Fo(t,-))(x) — Fo(t, =) +

t
/ IEH(K8 *p(s,Ys, t, ) (x) — p(s, Y, t, x)}A(s, Y, u®, V1f)eftf A(T’Y”ua’vua)dr} ds +
0

t
/ E{p(s, Y, t, :E){A(s, Ve, us, Vus)elo AMYrut,Vusldr _ N (5 v, o, Vu)elo A(T’Y"’“’V“)dr}}ds )

0
(4.24)

By integrating the absolute value of both sides of (#24) w.r.t. dz, it follows there exists a constant C' > 0
such that

Jus(t,) —utt )l < e By — Rl + /OtE[mg (5, Yoy 1)) = p(s, Vi 1)1 ds
b [ B[l 72 — s, 20 1905, ) — Vs, o) s
+ /Ot /OSIE“uE(r,YT) ()| + (Vs (r, ;) — Vu(r,Yr)da ds} . (4.25)
Moreover, denoting p; the law density of Y;, by inequality (ZI8) of Lemma[Z4 we get

Bl (s, v ~ (s, Y| = [ (s.2) = uls.)lps(@)da

IN

C ol [ 1o (s.2) = (s, )l
Clu®(s,-) —u(s,")|1, s€1[0,T], (4.26)

20



and

E||Vu©(s,Ys) — Vu(s, Ys)|:| = - |Vus(s,z) — Vu(s,z)|ps(z)dz

< C ||u0||oo/ |[Vu® (s, x) — Vu(s,z)|dzx
Rd
= C||Vu°(s,-) — Vu(s,-)|[1, s€][0,T]. (4.27)
Injecting (@.26) and @27) into the r.h.s. of (@.25), it comes

t
Jus(t,) = ult, ) < c{nKe*FOfFon/OE[nKe*p(s,Ys,t,-)—p(s,n,t,anl}ds

/ Ju(s,) = s, ) + [V (s,) = Va(s, )ads} (428)
Now, we need to bound ||Vu®(t,-) — Vu(t,-)|:. To this end, we can remark that for almost all z € R?,
Vu(t,z) = VFy(t,x) + /Ot E{VmP(S, Ya, t,2)A(s, Vs, u, Vu)elo A(T’Y"’“’V“)dr} ds, (4.29)
and
Vu(t,z) = (Ke*VFy(t,-))(x)

t ; e e
+ / E[(Kg*vxp(s,Y;,t,-))(m)A(s,Ys,uE,Vuf)efJ A Yeus, Vu W}ds. (4.30)
0

These equalities follow by computing the derivative of u(t, -) and u®(¢, -) in the sense of distributions.
Taking into account #.29) and (@.30), it is easy to see that very similar arguments as those invoked above to

prove (@.28), lead to

t
IVus(t, ) — Va(t,)|p < C{||K€*VFO(1€,~)fVFO(t,')HlJr/E[HKE*Vzp(s,Ys,t,)fVIp(s,Ys,t,)Hl}ds
0

b [ ) = sl + 1906, ) = Vs, s} (@31
Gathering ([#.28) together with (#.3]) yields
[us(t,-) = u(t, )l + [IVes(t, ) = Vu(t, ), < C {”Ke*Fo(tw)*FO(t,')HlJr [Ke % VEy(t,) = VEo(t, )1 +

t
/ E[HKE*p(s,Y;,t,)—p(s,Y;,t,)Hl}ds—f—
0
t
/ |:HK *Vivp(s Y;7t7')7vxp(87Y87t7')H1i|ds}

b [ W5 ol 19056 = Vs, s
(4.32)
Applying Gronwall’s lemma to the real-valued function
te flut(t ) —ult, )l + [Ves (@, ) = Vel
we obtain
(¢, ) = u(t, s + VUt ) = Vult, )l < Ce” {IIKE * Fo(t,) = Fo(t, )l + [[Ke * VE(t,-) = VEo (2, )l +

t
E|:HK€ *p(S, Y87t7 ) - p(S, Y87t7 )H1:| ds +

t

E||[K. + Vap(s, Vi t,) = Vap(s, Yo t, ) 1| ds}. (4.33)

S—. S—
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Since Fy(t,-), VFo(t,:), x + p(s,z0,t,7) and z — V.p(s,zo,t, ) belong to L' (R?), classical properties of
convergence of the mollifiers give

1K * Fo(t,-) — Fo(t,-)|[1 — 0, [[KcxVFy(t,:) — VFy(t,-)|1 — 0, (4.34)
and
||K€*p(sa}/87ta')_p(SaYS7ta')H1 _>0; ||KE*V1p(57Y;at7)_le(57y;7t;)”1 _>Oa a.S. . (435)

Moreover, by inequality (ZI7) of Lemma [Z4] there exists a constant C' := C(C,,c,) > 0 such that for
0<s<t<T,

||K€ *p(S, }/sata ) - p(S, Ysat; )Hl + HK&‘ * V:vp(sa }/sata ) - V:vp(sa Y;a ta )”1 § 20(1 +
(4.36)

Lebesgue dominated convergence theorem then implies that the third and fourth terms in the r.h.s. of €.33)
converge to 0 when € goes to 0. This ends the proof. O

Proposition 4.7. We assume here that (K. ).~ is explicitly given by

1 x
K. (z) = =SK(=), 437
(@) = K () 437)
with K > 0 satisfying
K(z)de =1, / rK(z)de =0 and n:zl/ |z] K (x) dr < co. (4.38)
Rd R4 2 Jpa

Let uf be the real-valued function defined by@I7), (such that for any t € [0,T], u®(t,-) := K. *~§) with K. given by
@37). Under AssumptionRland in the particular case where the function A(t, z,u) does not depend on the gradient
Vu, there exists a constant C' := C(k, Cl, ¢,) > 0 such that, for all t € (0, T,

[u(t,-) —ult, )l < eC( +2v1), (4.39)
with C., ¢, denoting the constants given by (Z17) (only depending on ®, g).

Proof. This proof is based on the same arguments as the ones used in the proof of Theorem .5 since in the
present case, A only depends on (¢, 2, u) and not on Vu. In particular, we obtain for ¢ €]0, T,

t
Ju(t) = (e, < O Ko x Foft,) = Fo(t. )+ [ B[[[Kep(s,Yauto) = pls, Yoot )]s, (440)
0

that corresponds to inequality (4.33) in the proof above, without the term containing the gradient Vu.
Invoking inequality (ZI7) of Lemma [Z4land inequality (Z9) of Lemma [Z3 with H = K, and successively
with f = Fy(t,-) and f = p(s,y,t,-) for fixed y € R?, imply that

¢
K.+ Fo(t,) — Fo(t, )| < % 0<t<T, (4.41)
and ¢
€k
HKE*p(saysatv')7p(57Ysatv')”1 § ,a.e, 0§5<t<T7 (442)
Vit—s
with € = €(Cy, ¢,). This concludes the proof of {39). O
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5 Particles system algorithm

To simplify notations in the rest of the paper, f; will denote f(t) where f : [0,7] — E is an E-valued Borel
function and (E, dg) a metric space.

In previous sections, we have studied existence, uniqueness for a semilinear PDE of the form (L) and
we have established a Feynman-Kac type representation for the corresponding solution u, see Theorem
The regularized form of (L) is the integro-PDE (@.2) for which we have established well-posedness
in Proposition B4 1. In the sequel, we denote by 7¢ the corresponding solution and again by u®(t,z) :=
(K. x5 )(z) (see @ID). We recall that u® converges to u, when the regularization parameter ¢ vanishes to 0,
see Theorem[€H In the present section, we propose a Monte Carlo approximation u*" of u¢, providing an
original numerical approximation of the semilinear PDE (II), when both the number of particles N — oo
and the regularization parameter ¢ — 0 with a judicious relative rate. Let uy be a Borel probability measure
on P(R%).

5.1 Convergence of the particle system

We suppose the validity of Assumption 2

For fixed N € N*, let (W*);—; ... y be a family of independent Brownian motions and (Y{);—1,... v be i.i.d.
random variables distributed according to ug(x)dz. For any ¢ > 0, we define the measure-valued functions
(fyf’N)te[oyT] such that for any ¢ € [0, 7]

fi:fé—i—fot sgdet+ﬁ) (s,&)ds, fori=1,---,N,
&= Y}; forzfl ., N,

Zw (K™ N)(E), (VKL +47N)(€)) g

(5.1)

where (K.):~o denotes a sequence of mollifiers such that for all ¢ > 0, K. € WHL(RY) N Wh(R9) and
we recall that V; is given by @1). The first line of (5.) is a d-dimensional classical SDE whose strong
existence and pathwise uniqueness are ensured by classical theorems for Lipschitz coefficients. Moreover
¢,i=1,---,N areiid. In the following lemma, we prove by a fixed-point argument that the third line

equation of (5.I) has a unique solution.

Lemma 5.1. We suppose the validity of Assumption2l Let us fix e > 0 and N € N*. Consider the i.i.d. system
(€9)i=1.... N of particles, solution of the two first equations of (B.). Then, there exists a unique function v*% :
[0, 7] = M s(R%) such that for all t € [0,T], v is solution of (G.1).

Proof. The proof relies on a fixed-point argument applied to the map 7= : C([0, 7], M ;(R%)) — C(]0,T], M ¢(R%))
given by

N
TN (y)( Z (Ko 7)(€9), (VK %9)(£)) ¢ - (5.2)

In the rest of the proof, the notation 77" () will denote 7= (~)(t).
In order to apply the Banach fixed-point theorem, we emphasize that C ([0, 7], M(R?)) is equipped with
one of the equivalent norms || - ||7v,x, A > 0, defined by

v = sup e ||y(t,)rv (5.3)
t€[0,T
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and for which (C([0,T], M¢(R%)), || - [|7v,») is still complete.
From now on, it remains to ensure that 75"V is indeed a contraction with respect ||v||7v, for some A. To
simplify notations, we set forall i € {1,--- , N},

TtE’N’i(V) = Vt(gia (Ke * ’7)(8.)) (VKa * 7)(51)) ) (ta'y) € [Oa T] X C([Oa T]va(Rd)) ) (5.4)

to re-write (5.2) in the form

N
€ 1 € [
Tt ’N(’y) = N Z Tt A (7)652 ) (ta 7) € [07 T] X C([Oa T]7 Mf(Rd)) : (55)
i=1
Let A > 0. Consider now 7*,~% € C([0,T], M;(R?)). On the one hand, taking into account (1) and 2.3),
forallt € [0,7],i € {1,---,N}, we have
t
TENN TN < e [ (6 o2 ) ED) - (Ko ?)E)

+ (VKL +71)(€) = (VK- x7)(€)) ) ds

t
< ¢ [ It = s
t
< 0 [ Mt =P rva ds
0
eM—1
= Cllv' _'YQHTV,/\ N (5.6)
with C' = C(|| K¢l oos |VE |0, La, My). It follows that
N
e, N/ 1 e,N (.2 < 1 e, N,/ 1 5 e,N,i/.2 5
(T9%(v) =T=%(¥V)llrvia < NZHT (v )8 = T (v7)b¢i v
i=1
C
< XHVI —¥llrva - (5.7)
By taking A > C and invoking Banach fixed-point theorem, we end the proof. O

After the preceding preliminary considerations, we can state and prove the main result of the section.

Proposition 5.2. We suppose the validity of Assumption 2l Assume that the kernel K is a probability density
verifying

K e WHRY) nwheo(RY) |z|" K (2)dx < 0o, and / 2| | VK (2)|de < oo . (5.8)
Rd Rd

For e > 0, we suppose that K. is explicitly given by @&37) with K satisfying (5.8). Let u be the real valued function
defined by @I7), and u*" such that for any t € [0,T),

usN(t, ) = K. * fyf’N , (5.9)

where v*N is defined by the third line of (5.1). There exists a finite positive constant C' (depending on Ly, My, K)
such that for all t € [0, T] and N € N*, & > 0 verifying min(N, Ne?) > C we have

e,N B e,N 5 ¢ Ll
E[lluf™ = wilh | +E[IV;™ - vull: < et (5.10)
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Remark 5.3. Forallt € [0,T], N € N*, & > 0, the following bound takes place:

E[fui™ = wlh] +E[IVei™ = Vulh] < B[l = uilh| +E[IVei™ - Vo]
s = uelly + Vs = Vuel (5.11)
C _co_
Wead“ + llug — welly + [Vug — Valfr

where we have used Proposition [5.2] for the latter inequality. Taking into account Theorem above, it appears

1
VNeoa
e = 0, N — +oo. This requires a "trade-off condition” between the speed of convergence of N and . Setting

D(c) 1= e~ DI the trade-off condition can be formulated as

1 o D(e)

C
e=a+t1 — 0 when

clearly that the convergence of us™ (resp. Vu®") to u (resp. Vu) will hold as soon as

Wesdﬂ — 0 <— N —0 when &— 0, N — +oo. (5.12)
An example of such trade-off between N and e can be given by the relation e(N) = (m)d_@.
Proof. Letus fixe >0, N € N*. Forany ¢ = 1,--- ,d, we introduce the real-valued function G* defined on
R? such that LK
Gi(zx) = 192, (E) , foralmostall z € R?. (5.13)

By (B.8), there exists a finite positive constant C' independent of ¢ such that |G!]|c < & and |GE|, =
|G4]l1 < C. In the sequel, C will always denote a finite positive constant independent of (g, N) that may
change from line to line. For any ¢ € [0, T'], we introduce the random Borel measure 7N on RY, defined by

7o = sz; U (€1), VU (67)) 0 - (5.14)

One can first decompose the error on the Lh.s of inequality (5.10) as follows

Elui™ = uil] + E[IVeyY = Vuilh| = E[IK:« (Y =49)lh] + 2 S E[IGE+ (7Y = 99)l1]

1 d

22
d
D>
6—1

IN

E[IK:+ (Y =37l + = DOE[IGE* (08N =371

d
- 1 -
FE[IKe + G5 =99l + 2 D E[IGE < G = 9)l]
=1

E[IA7V 1] +E[145 1) + E[1B7V L] +E[1B" L] |
(5.15)

where, for all ¢t € [0, 7],

AN (@) = % ﬁ;z@(x =€) V(€ umN(€), Vur N (€)) — Vi(€' ut(€1), Vs (61)

AFN) = 1; %ie (- &) [vt(si,uavN(sw,w”(gi))m(si,u6<si>,vm<si>)]|

By (x) = % imx — EOVA (€L (€), T (€)) — B[ Koo — €V (€h u(€)), Vur(€1))

B (@) = é;djl %;N;Gﬁ (z = DV (€' u(€1), Ve () — E|GL(w — VA (€ u(€), Vur (1))

(5.16)
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We will proceed in two steps, firstboundingE{HBf’NHl} andE[HBf’NHJ and thenE[HAf’NHl} andE[HAf’NHl}.
Step 1: Bounding E||B{"" ||, and E||B;"" ;. Foranyi € {1,---,N}and (t,z) € [0,T] x R? we set
PE(t,2) 1= Koo = E)VA (€1, 0(6), Vui(§1) — E[Ko(w — Vi€, (), Vui(€)| . (517)

Notice that for fixed (t,x) € [0,T] x R%, (Pf(t,2))i=1.... v arei.i.d. centered square integrable random
variables. Hence using Cauchy-Schwarz inequality, we have

E[I\Bf’Nlh} = /Rd EH%ipf(t,:c)Hd:c
N

LHG el
_ W } \/ﬁ (5.18)

By the boundedness assumption on A (item 5. of Assumption[),

IN

E[(P (t,2))*] < 4e*TE[(K.(z - §))*],

which implies

E[IIB 1 \/_/Rd\/ (o — 1)) d = VfRd dx/Rd\/m . (5.19)

where p; is the law density of ¢} and H. is the probability density on R¢ such that for almost all

r € RY, Ho(x) = m; K 2( ), which is well-defined thanks to assumption (5.8). Finally,

applying Lemma[Z2with G = ; KH% and f = p; we obtain

C
VNed

Proceeding similarly for the term B;>" leads to
V S |52, (@)Pd
= 8“ / \/ HE # py(x)da

d
i) < s 2 [ Rl -afe - o ;
(5.21)

where H!,¢ = 1,---,d denotes the probability densities on R? such that for almost all x € R¢,

2
Hi(x) = Wﬁ@—g( )|?. Applying again Lemma [Z2] with G = ”la’”’f ‘”2,6 =1,---,d and
R 9z

f=ptwe obtam

E [HBfNHl} < for € small enough. (5.20)

E[HB;E’NHJ < \/% , for ¢ small enough. (5.22)

Step 2: Bounding E[| A" ||; and E||A7"||;. Recall that A5 (z) = K. x (77 —37Y)(2) and AN (z) =
LY GEx (7™ = A7) (), which yields

E[I45Y ] +E[IAEY 1] < ZE[IniY ~ 5V v (5.2
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We are now interested in bounding the r.h.s. of (5.23).
Recalling (5.1)), (5.14) and inequality @2.3), we have

B[l =5 lrv ] i [m (' usN, VusN) ~ Vi(€' uf, V) |

< CEI(EY) + [V — vu§|(g;))ds]
= C/Ot( [IKE*( i’Nw?N)(éi)l} +E[|K. « G2V =30 ds)
2 Z/ (1G5 (2N = 35N (€| +E[IGE + G2Y = 12)(ED)] ) ds.
(5.24)

By inequality (ZI8) in Lemmal[Z4] there exists a finite constant C' > 0 such that ||ps|/sc < C|Juo| for
all s € [0, 7. Thus using inequality (5.20), we obtain

E[IK. « (32N = 2) ()]

SE[|EA VA€, 0(€), Tu(€) - BIKL(€] ~ €)VH (€, (€0), Tu(62)) €]
N
W L 30 e 7€), ) Bl - €V (€, T )] ol
. C  N-1 C
~ Ned N (N —1)ed
< \/]i—gd (for (N and Ne?) sufficiently large), s € [0, 7] .
(5.25)
Similarly we get
d
C
é
ZlEU GLx (EN —D(E)l] £ == sED.T], (5.26)
Moreover, for all s € [0, T, the boundedness of | K| and |V K| implies
d
C
E[IK. » 02V -3 ED] + S E[126E 02V ~3MED] < cqr [Ihe - M) - 6:29)
=1

Injecting inequalities (5.25) (5.26) and (5.27) into (5.24) gives

o~ c . c i
BlIf 37 v] < S + g [ B[l =35 v s

By Gronwall’s lemma we obtain E [H'yf N 5e ||TV} < et , which together with (5.23) com-

c
— VNedt2
pletes the proof by implying the inequality

et (5.28)

E[lAFY (1] + B[4S ] <

O

As a straightforward consequence of Proposition[5.2land Theorem[4.5] the corollary below follows.
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Corollary 5.4. Assume that the same assumptions as in Proposition[B.2are fulfilled.

Ife =0, N — +o0 such that meﬂ% — 0, (where C is the constant coming from Proposition[n.2) then

E[HujN - utnl} n E[HwiN - vutnl} 0. (5.29)

Proof. Letus fixe > 0, N € N*, ¢t € [0, T]. The proof is based on the bound

IN

E[fui™ = wlh] +E[IVei™ = Vulh] < B[l = uilh| +E[IVep™ - Vo]
Fllug = welly +[[Vug = Va1,

C _c_
Tt Tl w1V = Vel (530)
where we have used Proposition [5.2] for the second inequality above. Moreover, Theorem [£.5] gives ||uf —
utllr + |Vui — Vug|ls — 0 for e — 0. This concludes the proof of the corollary. O

5.2 Time discretized scheme

In this section, we will make use of the assumptions below.
Assumption 3. All items of Assumption[2lare in force excepted 1. and 4. which are replaced by the following.
1. There exist positive reals Le, L, such that for any (t,t',z,2') € [0,T)? x (R%)?,
|®(t, ) — B(t,2")| < Lo ([t — |7 + |z — 2/])
and
l9(t,2) = g(t ') < Ly (jt = ¢* + |z =) .
4. There exists a positive real L, such that for any (t,t',x, 2", y,y', 2,2') € [0, 7] x (R?)? x (R?)? x (R%)2,
At 2y, 2) — A2y ) S La(t—t|% + |z — 2|+ |y —y/| + ]2 — 2]) .
We also add the following item.

7. (K:)eso denotes a sequence of mollifiers explicitly given by K.(z) := 2K (%), where the kernel K is a
probability density belonging to W11 (R%) n Whee(R9).
We assume the validity of Assumption[Bl For n € N*, we set 6t = T'/n and introduce the time grid

0=ty <+ <ty="kot<---<t,=T). Forany N € N*, ¢ > 0 and n € N*, we define the measure-
valued functions (3;"™"") (0.7 such that for any ¢ € [0, 7],

&==¢+ fot D(r(s), z(s))de + fot g(r(s),gi(s))ds ,fori=1,--- N,
5(1):1/;)1 fori:]—v"'aNa

1 N (5.31)
;yte,N,n — N Z Vt(gi, (Ke " ,—ye,N,n)(gi)7 (VKE " ,—ye,N,n)(éi))égti ,
i=1
where for (t,z,y,2) € [0,T] x C x C x C¢,
- t
Vi (Ia Y, Z) = exp { / A(T(S)a Tr(s)s Yr(s)s Zr(s)) dS} ) (532)
0
and r : s € [0,T] — r(s) € {to,--- ,tn} is the piecewise constant function such that r(s) = ¢, when

s € [ty tr+1). In the sequel, we will often use the notation 7;"" instead of 7;"""" deliberately dropping

the exponent n to simplify the notation. The proposition below establishes the convergence of the time

discretized scheme (5.31)) to the continuous time version (5.1)).
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Proposition 5.5. Suppose the validity of Assumption[Bl The gradient VK of K is also supposed to be Lipschitz with
the corresponding constant Ly rc. For fixed parameters ¢ > 0, N € N* and n € N*, we introduce u®™" such that
forany t € (0,77,

—e.N.n o —e,N,n

a= v (L, ) = Ko %, . (5.33)

where 50N is defined by (531). Then

c

T (5.34)

C
e,N —e,N,n e,N —e,N,n
Bl = ai | + B[V - a ] < e

where C'is a finite, positive constant only depending on Mg, Mgy, Ma, | K ||loo, |\VE ||oo, Lo, Lg, La, Lyk, T
From Proposition 5.5land Corollary 5.4l follows the result below.

Theorem 5.6. Suppose the validity of Assumption8l The gradient VK of K is supposed to be Lipschitz with constant

Ly k. Suppose moreover that
|z|"! K (2)dx < 0o, and / 2| | VK (2)|dr < oo . (5.35)
Rd -

Ife - 0,n — +ooand N — +oo such that

1 _Cc_ _C_
e+ — 0 and e+ — (0, (5.36)

1
VNt EENT
where C and C' are constants respectively appearing in Proposition 5.2 and then for all t € [0,T), the particle

approximation u;"™N"™ defined by (5.33) converges to the unique solution, u,, of {LI) or equivalently GI5), in the
sense that

E[Hai’N’” - utnl} + ]E[HVTL?N’" - Vut||1} 0. (5.37)
Proof. Forall N;n € N*, e > 0and ¢t € [0,T], we have
E[a5™" = wllh] + E[IVa™" = Valh ] < E[Ja§™" = ug || + E[I1vas Y - vup V)]
FE[upN = wil ]| + E[IVe;Y = Vil 638)

Inequality (5.34) of Proposition B8] and the second trade-off condition in (5.36) imply that the first two
expectations in the rh.s. of converges to 0.

By Corollary 5.4 we claim it is enough to state that the third and fourth expectations in the r.h.s. of (5.38)
also converges to 0. This concludes the proof. O

The proof of Proposition [5.5] above will be based on the following technical lemma, proved in the ap-
pendix.

Lemma 5.7. We assume that the same assumptions as in Proposition 5.0l are fulfilled. Let ¢ > 0, (N,n) € (N*)?2
T _ . .

such that 5t = L. Let u=" (resp. u=") be the function defined by (5.9) (resp. (5.33)).

There exists a constant C' > 0, only depending on Ms, My, Ma, || K ||oo, VK ||oo, La, Ly and T, such that for all

t € [0,T, the following estimates hold.

1. For almost all z,y € RY,

—e —_e C —¢g, —¢g,
jag ™ () — a; ™ (y)] < ol —yl and |V, M) — va; Y (y)| <

>~ Ed+2 |LL’ - y| . (539)
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CVot

N e, CVot
E|lla5™ - a5 ll] < e (5.40)

—_e,N —_e,N
—r and E[|VEg; —Vur(t)Hoo}g

Proof of Proposition[5.3] In this proof, C' denotes a real positive constant (depending on Mg, My, My, || K ||,
IVK||oo, Lo, Ly, La, Ly, T) that may change from line to line. Let us fixe > 0, N € N*, n € N*,

Let us now prove inequality (534). To this end, G£ will again denote the real-valued functions defined on
R by (5.13). It is easy to observe that there exists a constant C > 0 depending on | K||1, || g—g i, ¢=1,---,d,
such that

d
||K5|\1+ZHG§||1 <C, (5.41)
(=1
and
¢ C
1Kelloo + D 11GElloe < - (5.42)
=1

From (5.9) and (5.33), we recall that u=" and 4"V are defined by
Vie[0,T), uiN = K. x40 and @Y = Ko« 477 . (5.43)

Forall¢ € [0, 7], we have

E[llus™ = ap VL] + E[Iveg™ - vagVih| < E[IK. (o wf%n@{fla[nc:ﬁ*(ﬁ =37
=1

d
1
e,N _ &N eN  _eN
< E{H% =7t HTV}JFgg HG§H1E[II% % IITv}

ZE[lY =37V lrv ] by GED . (5.44)

It follows, for t € [0, 77,

_¢,

B[l =5~ v ] B[ | Vi€, usN (), Vuer¥ (€)= Vi (€5 (@), Tur ™ n(€))|

I
=
Mz

s
Il
—

E[|Ve(e',us (€, s (€9) = Vi(€',a N (), VN ()

IA
=
Mz

s
Il
—

E[|ve(e', a (€1), vas N () — V(€N (@), Tur N (@) |

_l’_
=
Mz

@
Il
i

1

N HVt Fi o N(é) vﬂs,N(éi)) Y (gz, e, N(é )’VUEN(?))H

(5.45)

||Mz

We are now interested in bounding each term in the rh.s. of (8.40). Let us fix ¢ € [0,7],i € {1,---,N}.
Since A is bounded and Lipschitz, inequality (Z.3) implies

Ai,E,N,n — EHVt(gi,ua,N(gi)7vua,N(€i))_w(gi,aa,N(gi)7vﬂa,N(§i))H

t
eMATE[/
0

t
MLy [ (B[N - a8 €] + B[Vas ™ (€) - vas¥ (e} ds
0

IN

A, €05 (60), Tus M (€) — Als, €6, us™ (€)), Vaz ()] ds

IN

(5.46)
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Taking into account (5.43), for all s € [0, 77, it follows

E[lus™(&l) —ug™ (D))

IN

where we have used inequality (5.42). In a very similar way, we also obtain

E[[Vug™ (&) - Vas ™ (€)l]

<

forall s € [0, 7). Injecting (5.47) and (5.48) in the r.h.s.

t
I
0

C

i,e,N,n
Ay = gd+l

E[|K. « (o —=35™)(E)]]

EE[H’Y?N - WE’NIITV} : (5.47)
1 d
- Y E[IGEx (2N a2 M)ED]

=1

C
B[ =3Vl ] (5.48)
of (5.46) yields
[Ilvi’ —% N”TV] ds . (5.49)

Concerning the second term in the r.h.s. of (545), we invoke again (2.3) to obtain

BZ,E,N,n

t
< ONTLE[ [ [A g a e, Vi) -
0
t
< eMATLA/ E||
| {El
CBMATLAT\/E
< - 0= =
- cd+2
- C
>~ ma

E[|Vi (6N (€), VN () = V(§ N (€, VaN (@)

A(s, &, a5V (&), Vas™ &) ] ds

- &) + B[l (&) - a N €] + E[IVas (&) - vas N (€)]] | ds

(5.50)

where we have used successively classical bounds of the Euler scheme (see e.g. Section 10.2, Chapter 10 in

[15]) and (5.39).

Regarding the third term, similarly as for the above inequality (5.50), 2.3) yields

CroNm = ||V, (@), VasN (€) - T(E, aV(€), va (@) |
t
S eIVIATL / s—1r(s % € 7« +E ai,N z _—8N i
A (s =r@lF +E[IE - & l] + B[ @) - w5 E )]
+E|[VasN (&) - Vag) (E)l| )ds (5.51)
where we have used Holder property of A w.r.t. the time variable.
Boundedness of ®, g with classical Burkholder-Davis-Gundy (BDG) inequality give
Fi i c
To bound the third term in the r.h.s. of (&.51), we use the following decomposition: for all s € [0, T,
E[lug™ (&%) — _i(]:( Sl < EugN(ED) —usN (& )] +EllasN (€ ) — ‘i&(_i(s))l] . (5.53)
We first observe that the first inequality (539) gives
€ & =€ & % & C\/ﬁ ¢
E[|US7N(§5) - U’S’N(gr(s))u S |:|§ r(s) |:| S €d+1 = €d+1\/’l_l ’ (554)
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for all s € [0, 7. Invoking now the first inequality of (540) leads to

€ ci —e,N C\/ ot C
E[|US’N(€T(5)) — 1,5 ( L)l < prEs < EEwR s€10,7T7]. (5.55)
Injecting now (2.55) and (5.54) in (5.53) yield
C
e,N (¢t 7aN %
[|u (€ ) 7(5)(§ s))'] —= €d+1\/7_l ) S [OaT] . (556)

With very similar arguments as those used to obtain (5.56) (i.e. decomposition (5.53) and inequalities (5.39),
(540)), we obtain for all s € [0, T,

CV/st C
e,N —e,N
E[|vas™ (&) - Vi (&)l < o < o = (557)
Gathering (5.57), (5.56) and in (B.5]) gives
i,e,N,n C\/& C
C: < S (5.58)
Finally, injecting (5.58), (5.50) and (5.49) in (5.45), we obtain for all ¢ € [0, 7],
E||N — 550 < o2 ! tE sN _ 5N d 5.59
[H% i’ HTV} < (m+@ ; [H’Ys ~ s HTV} 5) : (5.59)
Gronwall’s lemma applied to the functiont € [0, 7] — E [H’yf N _5eN HTV} implies
£, _e,N C T
E|lhi " =5V lev| < s, telo,T). (5.60)
The result follows by injecting (5.60) in (5.44). O

The particle algorithm used to simulate the dynamics (3.3) consists of the following steps.
Initialization for k& = 0.

1. Generate (£});—1,. n iid.~ ug(z)dz;
2.setG:=1,i=1,---,N;
3. set @y () := (K= *uo)(").

Iterations fork=0,---,n— 1.

e Fori=1,---N,set&],  :=E& +®(tr, &, )Vot €} 4 +g(tr, &, )0t , where (62);;111\/ is a sequence

n

of i.i.d centered and standard Gaussian variables;
o fori=1,---N,setG} | =G Xexp (A(tk,i_;i,ﬂf,;]v(f_ik), Vﬂi;N(gfk))&) ;
. se‘cutk+1 ZG i X K=&, )
Remark 5.8. Observe that each particle evolves independently without any interaction by contrast to the case con-

sidered in [17,[16l. However, since the evaluation of the function us at any point (ty.,&;, ) requires to sum up N
terms, involving the whole particle system, the complexity of the algorithm is still of order nN2.
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6 Numerical simulations

The aim of this section is to illustrate the performances of the original numerical scheme proposed in pre-
vious section to approximate the solution of semilinear PDEs (L.I) and inspect to what extent this approach
remains valid out of Assumption Bl Following [8], we consider two types of semilinear PDEs, for which
a semi-explicit expression of the solution is available: the one dimensional Burgers equation and the d-

dimensional KPZ equation.

6.1 Burgers equation

Let ug be a probability density on R and Uy = [~ __ uo(y)dy. Let us consider the viscid Burgers equation in
dimension d = 1, given by

{ O = ”;awu—uaxu, (t,2) € [0,T] x R,v >0 61)

u(0,-) = ug .

It is well-known (see e.g. [8]) that (6.1) admits a unique classical solution if ug € L!(R?). Using the so-called
Cole-Hopf transformation, the solution v admits the semi-explicit formula

Ug(z4vBy)
Eluo(z + vBy)e™ w2 =

_ Ug(z+vBy) ?

Efe 55

u(t,z) = (t,x) €10,T] x R, (6.2)
where B denotes the real-valued standard Brownian motion. Integrating against test functions in space it
is not difficult to show that the classical solution u is also a weak solution of (I.I) with

O=v,9g=0,At,2,y,2) = 2.

Apparently our Assumption 2is not fulfilled, at least for what concerns A. However choosing ug being a
bounded probability density, it is not difficult to show that there exists M > 0 such that u is a solution of the
subsidiary equation of type (LI) with ® = v, A(¢, z,y, z) := Ay (2) where Aps : R — R is a smooth bounded
function such that Ay (2) = zif |2| < M and Apr(2) = 0if |z| > M + 1. In this case Assumption[is fulfilled
for the subsidiary equation.

In our numerical tests, we have implemented the time discretized particle scheme (5.31) with the follow-
ing values of parameters ®(¢,x) := v, g(t,z) := 0, A(t,z,y,2) := z, in order to approximate the solution

of (&.T).

6.2 KPZ (deterministic) equation

This PDE makes sense in dimension d > 1. Through this second example, we want to give some empirical
evidences that the convergence of u=N to u, when N — 400 and ¢ — 0, remains valid even when our
assumptions are not fulfilled. Let us consider the KPZ equation

(6.3)

Oru =% Au+ |Vul?, forany (1) € [0,T] x RY,
(0, dz) = uo(x)d

where A denotes as usual the Laplace operator and we recall that | - | denotes the Euclidean norm on R?.

Using again the Cole-Hopf transformation, the solution u admits the semi-explicit formula

u(t,xz) = log (E [e“o(”"B’f)]) , (6.4)
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where B denotes a R?-valued standard Brownian motion. We suppose here that the initial condition
is chosen strictly positive which ensures u(t, ) # 0 for all (¢,z) € [0,7] x R%. Indeed we have e*(**) =
E[e®0®toB)] > 1 + Eug(z + 0B;)] > 1forall (¢, z) € [0, 7] x R%. We remark that a strictly positive function
w is solution of (6.3) if and only if it is a solution of equation

Opu = %Au +ul(t,z,u,Vu), (t,z) € [0,T] x RY,
At,z,y,2) = % , forany (t,x,y,2) € [0,7] x R? x (0,+00) x R?, (6.5)
u(0,-) = ug .

Notice that A here is clearly not Lipschitz and then it does not satisfy Assumption 3l However, in our
numerical tests, we have implemented the time discretized particle scheme (5.31) with the following choice
of parameters ®(¢, x) := v, g(t,z) := 0and A(t, z,y, z) := lz12 | , to approximate the solution of (6.5).

6.3 Details of the implementation

In our figures, we have reported an approximation of the L!'-mean error committed by our numerical
scheme (5.3]) at the terminal time 7'. This error is approximated by Monte Carlo simulations as

5 ]- £ 7 1 ~ 1 — 1
E[|[us™ — ur] M—ZZWN’ (X7) — ar (X)) ug ' (X?),  where (6.6)

N, .. . .. .
o (u5™")i21.. ar—100 are i.i.d. estimates based on M i.i.d. particle systems;

o (X7)j=1,.. g=1000 areii.d R¥-valued random variables (independent of the particles defining (u3: N, Z)

1=

with common density uo;

o U7 denotes a Monte Carlo estimation of the exact solution, w7, with 10000 simulations approximating
the expectation formulas (6.2) for the Burgers equation and (6.4) for the KPZ equation.

The parameters of the problem in both cases (Burgers and KPZ) are T' = 0.1, v = 0.1, with the centered and
standard Gaussian distribution as initial condition i.e. ug(z)dz ~ N(0, Iy).

Concerning the parameters of our numerical scheme, n = 10 time steps and K = ¢¢ with ¢? being the
standard and centered Gaussian density on R?. To illustrate the trade-off condition (see (5.12)) between N
and ¢, several values have been considered for the number particles N = 1000, 3162, 10000, 31623, 50000
and for the regularization parameter ¢ = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6.

6.4 Simulations results

We have reported the estimated L' error committed by our approximation scheme (5.31) on Figure [T} for
the Burgers equation (6.I) and on Figure 2] for the KPZ equation (6.3). Those results illustrate perfectly the
tradeoff stated in (5.36) deriving from our theoretical bounds of the approximation error. Indeed, in both
cases, one can observe on the left graphs that the error decreases with the number of particles, at a rate
N~1/2. However, when the regularization parameter ¢ is large, the major part of the error is due to ¢ so that
the impact of increasing N is rapidly negligible. On the right graphs, one can observe that the decrease of ¢
to zero should be carefully adjusted to the increase of N at an optimal rate which empirically corresponds
to the evolution of the minimum of each curve with V.
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Figure 1: L error as a function of the number of particles, N, (on the left graph) and the mollifier window width, e,
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(on the right graph), for the Burgers equation (6.I), dimension d = 1.
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Figure 2: L' error as a function of the number of particles, N, (on the left graph) and the mollifier window width, e,
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(on the right graph), for the KPZ equation (6.3), dimension d = 5.

7 Appendix

7.1 General inequalities

(b) L' error as a function of e

If f is a probability density on R?, I(f) denotes the quantity I(f) := [y, |z|*T f(z)dx.

Lemma 7.1 (Multidimensional Carlson’s inequality). Let f be a probability density on R such that I(f) < oo,

then

VI@)de < AgI(f) 7D
Rd

where
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We refer to [14], where a more precise estimate is proved. From Carlson’s inequality, we deduce the

following lemma.

Lemma 7.2. Let G and f be two probability densities defined on R? such that
I(G)< oo, and I(f)<oc.

Then for any strictly positive real e < (1/1(Q)) T,

/}R V(G D)o < 2F Aa[1+ ()] where Au= (F(d

where G (-) :== LG(2).

Proof. By Carlson’s inequality (Z.I) we have

/Rd (G # N)(@)dr < Ag[I(G. * f)]7@ |

Then, by Minkowski’s inequality,

G = [ Gule =) Sy ]

= / ly + uel ™ Glu) f(y)dy du] ™
R4 xR

< ()T +eI(G)7 .

Since z € Rt — 2% is convex, it follows

d

I(Gex )T < 23 [[I(f)]7H + 4 [1(@)) 73

Hence, as soon as ¢ < (1/I(G))ﬁ, we have
[1(Ge x )]0 < 28 L4 1(F)]
which, owing to (Z4), concludes the proof.

Lemma 7.3. Let H be a density kernel on R satisfying

H>0,| H(z)de=1, / xH(x)de =0.
R4 R4

Let f : RY — R be a real-valued function. For any £ > 0, we consider the function H. given by

H.() = —H OF

gd €

1
+

1

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

(7.7)

Ifa:= 3 [pa|z|? H(z)dz < oo (resp. @ = g, |z| H(z)dx < oo) and f € WP (resp. f € W) for some integer

p > 1, then for any ¢ > 0,

d
1He % f = fllp < ®a Y 110:0; fllp -

ij=1

d
(resp. I1H- 5 f = fll <@ > 10:f1)-

i=1
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Proof. The proof is modeled on [14] and it is only written in the case f € W*?. The case f € WP follows
exactly the same reasoning. We omit the corresponding details.
For ¢ > 0 and any integer 1 < i < j < d let us introduce the real-valued function L%/ defined on R with
values in R, associated with H such that for almost all 2 € R¢,

1
- Tl 1-—1t
L (2) = 22 /0 - Heo(o) dt, (7.10)

where z; is the i-th coordinate of  and H, given by (ZD). Observe that, for anye >0,1<i<j<d,

1L |

= / LY (2)|da < a, 711)
R4

which implies that L/ < cc a.e.
Developing f according to the Lagrange expansion up to order two, yields, for almost all (z,y) € (R%)?,

d
flz—y) Zaf yz+2/ (1 —=1)0:0; f(x — ty)y;y; dt .

i=1 i,j=1

Integrating this expression against H. w.r.t. y and using the symmetry of H, yields for almost all z € R¢,

(H. + f)(z) - f(z) = / @ —y) — fa)] Hao(y) dy

Z /R/ 1)9;0; f (x — ty)ysy; dt He(y) dy

7,7=1
1 —
= &2 Z/ 0:0;f(x uu]/ %Het(u)dtdu
1,7=1 0
= ¢ Z (LY * (2:0;)) () (7.12)
ij=1

Taking the L? norm in equality (Z12), Young's inequality yields

d
1He f = fllp < € Y 10:0; fllp I L2l

ij=1

which gives the result by recalling (Z1T). O

7.2 About transition kernels

In the following lemma, we state well-known technical properties about the transition probability function

of a diffusion process. All the statements below are established in [9].

Lemma 7.4. We assume here the validity of Assumption[2l Consider a stochastic process Z, solution of the SDE

t t
Zi = Zo + / B(s, Zo)dW, + / o(s, Z,)ds (7.13)
0 0

with Zy a random variable admitting a bounded density uo. P(s,xo,t,T") denotes its transition probability function,
forall (s,x9,t,T) € [0,T] x R? x [0,T] x B(R?). The following statements hold.
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1. The transition probability function P admits a density, i.e. there exists a Borel function p : (s,xo,t,z) —
p(s, w0, t, ) such that for all (s, zo,t) € [0,T] x R x [0, 7],

P(s,xo,t,T) = /p(s,xo,t,x)dac , I'e B(RY). (7.14)
r

2. The function p satisfies (in the classical sense) Kolmogorov backward (B) and forward (F') equations: i.e.
(s,m0) = p(s, 20, z,t) belongs to CH2([0,t[x R, R) and satisfies

Osp+Lsp=0, 0<s<t<T

p(s, o, t,x) 7? 0y , weakly , (7.15)
where for s € [0,T), ¢ € CS(RY), Ly has been defined in 2.6);
(t,x) = p(s,x0,t,2) is in CH2(]s, T] x RY R) and satisfies
Op=1Lip, 0<s<t<T
(7.16)

p(s,zo,t, ) 0 Ouo , weakly ,

where for t € [0,T), for ¢ € C°(RY), L; p has been defined by @2).
In particular, p is twice continuously differentiable w.r.t. x¢ and x.

3. There exist real constants C.,, ¢, > 0 such that, for 0 < s <t < T, (zg,x) € R4 x R4 and for all multi-index
m := (mq, ma) whose length |m| := my + mq is less or equal to 2, we have
am1 amz Cu . ‘wiz,‘z

t < — e CuTi—s 0<s<t<T R4)2 717
0z; 6xjp(s’z”z) —(tis)we ) s <T,(z,2) € (RY) (7.17)

In particular, there exists a constant C' > 0 (only depending on C., c,) such that for all t € [0,T], the law
density p; of Y; satisfies

[Pl < Clluolloo » (7.18)
where py is given by [, p(0, xo, t, x)uo(20)dxo.
Proof. Under Assumption 2] the results are a result of Theorems 4.6, 4.7, Section 4 and Theorem 5.4, Section
5 in Chapter 6 in [9]. O
7.3 Proof of technicalities of Section
We give in this section the proof of Lemma[3.4

Proof of LemmaB.4 We only prove the direct implication since the converse follows easier with similar ar-
guments. Without restriction of generality, we can assume that 7" = N7 for some integer N € N. The aim is
to prove, foralln € {1,--- , N},

(7.19)

(H { p(t,dx) = [ou P(0,20,t, dx)ug(dzo) + fot ds [oa P(s,20,t,dz)A(s, mo)p(s, dxo)
forallt € [0,n7] .

We are going to proceed by induction on n. For n = 1, formula (Z19) follows from (3.13) by taking k& = 0.
We suppose now that (H,_1) holds for some integer n > 1. Then, by taking t = (n — 1)7 in the first line
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equation of (Z19), it follows immediately that

(n—1)7 B
P(0,x0, (n — 1)7, dxo)uo(dzo) +/ ds/ P(s,zg, (n — 1)7,dxo)A(s, xo)u(s, dxg) .
0 R
(7.20)

(= 1), dao) = [

Rd

On the other hand, since (3.13) is valid for all ¢ € [(n — 1)7, n7| by plugging k = n — 1, we obtain

t

wu(t,dx) = P((n — )7, 20, t,dz)u((n — 1)1, dxg) —|—/ ds | P(s,xo,t,dz)A(s, o) u(s,dzo) ,
Rd (n—1)7 Rd
(7.21)
forallt € [(n — 1)1, n7]. Inserting (Z20) in (Z2T) yields
u(t,dx) = / uo(dfc‘a)/ P(0, 0, (n — 1)7,dxo)P((n — 1)1, 20, t, dx)
R R
(n—1)7 B
+/ ds/ (s, dEUH)A(s,%)/ P(s,75, (n — D)7, dzo)P((n — 1)7, 70, , dz)
0 R4 R4
t
+/ ds/ P(s, x0,t,dx)A(s, zo) (s, dxo) , t € [(n — 1)7,n7]. (7.22)
(n—1)r  JRra

Invoking the Chapman-Kolmogorov equation satisfied by the transition probability function P(s, o, t, dz)
(see e.g. expression (2.1) in Section 2.2, Chapter 2 in [21])), we have

P(s, %o, t,dx) = / P(s,%0,0,d2)P(0, z,t,dx), s<6<t, (To,2) € R xR (7.23)
Rd

Applying (Z23) with § = (n — 1)7, it follows that for all ¢ € [0, n7],

u(t, dz) = / wo(d75) P(0, To, £, dx)
Rd
t
+/ ds/ P(s,Zo,t, dz)A(s, Zo) (s, dzg) . (7.24)
0 R4
This shows that (H,,) holds.
O
7.4 Technicalities related to Section[5l
Proof of LemmalB.Zl Letus fixe > 0, N € N*, ¢ € [0, T)]. We first recall that for almost all z € R¢,
| X
e,N _ i i . e,N(¢i e,N (¢i
Uy (l‘) = N;Ks(yfgt)‘/t(g , U (g ),VU (f )) y (725)

ai’N(x) = % vazl Kﬁ(x - g;)f/t (527 QE’N(gi)ﬂ VQE’N(gi))a

for which V; (resp. V;) is given by 2.1) (resp. (5.32)).
Letus fixi e {1,--- ,N}.

e Proof of (5:39). The proof of the two inequalities (5.39) is almost the same. That is why we only give
details for the proof of the first inequality.
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From the second line equation of (Z.25), we have

u (@) — gy < ~ Z |Ke(x =& ) — Ke(y — &) | Ve (€5, a5 (€9), Va© N (€))
eMAT
< Nedit z; Ll -yl
eMAT,

e |z —yl, (7.26)

where for the second step above, we have used the fact that K is in particular Lipschitz. The same
arguments lead also to

_e _e,N T Lok
Ve “/(t)( z) = Va U,(t)( )| < TL’U—M, (7.27)
which ends the proof of (5.39).
e Proof of (540). From
N —_ —
™ Z Sz — V(€L uoN (€, vasN(Eh)), zeR, (7.28)

we deduce, for almost all z € R?,

@i (@) - a (@)] < eMATzNj\K@?)K@” )|
(t) = N € t € r(t)
1=1
K|l _ _ B _ _ . _ N _
HNﬂd Z ‘Vt(fl,uE’N(fZ),V’ua’N(fl)) _ Vr(t) (fZ,UE’N(fl),VUE’N(EZ)H )

i=1

(7.29)

We remark that K is Lipschitz and we deonte the related constant by L. We then obtain, for almost
all z € R?,

L eMAT .
&N _e,N K
LACRL GRS = oL
LaeM T K||oo ZeN N
TN Z/ ® € Uy (Ere))s Vi) () )ds

(7.30)

where the second term in (Z.30) comes from inequality (Z.3). Since A is bounded, by taking the supre-
mum w.r.t. x and the expectation in both sides of inequality above we have

e, _eN LyeM
E[laY ~alle] < S ZEU@ Lo
LA \T|| K| oo Vit
+ %Mﬁtﬁ Cd+1 , (7.31)
) g

where we have used the fact that E [|§Z —&s) |2} < O6t, since ®, g are bounded.

The bound of E| ||V, — V 2T, (%Hm} is obtained by proceeding exactly in with the same way as

40



above, starting with

—e,N
oty
axg

() . i iv: GKE ( o gt)v (gz ﬂE,N(gi) V,L—LE,N(gL’)) l=1.---.d (7 32)
7NEZ_:16$¢ ZASAN ’ o ‘

instead of (Z.28), where z, denotes the ¢-th coordinate of z € R?. It follows then

OVt

E[IVau5Y = Vauille] < S (7.33)

O
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