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Abstract

This paper develops algorithms for high-dimensional stochastic control problems
based on deep learning and dynamic programming (DP). Differently from the classical
approximate DP approach, we first approximate the optimal policy by means of neural
networks in the spirit of deep reinforcement learning, and then the value function by
Monte Carlo regression. This is achieved in the DP recursion by performance or hybrid
iteration, and regress now or later/quantization methods from numerical probabilities.
We provide a theoretical justification of these algorithms. Consistency and rate of
convergence for the control and value function estimates are analyzed and expressed
in terms of the universal approximation error of the neural networks. Numerical re-
sults on various applications are presented in a companion paper [2] and illustrate the
performance of our algorithms.
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1 Introduction

Let us consider the following discrete-time stochastic control problem over a finite horizon
N € N\ {0}. The dynamics of the controlled state process X = (X2),, valued in X C R?
is given by

o, = F(X%anent1), n=0,...,N—1, X§ =1z € R, (1.1)

where (e,,), is a sequence of i.i.d. random variables valued in some Borel space (E,B(E)),
and defined on some probability space (2, F,P) equipped with the filtration F = (Fy,),
generated by the noise (g,,)n (Fo is the trivial o-algebra), the control a = (ay,), is an



F-adapted process valued in A C R?, and F is a measurable function from R? x RY x E
into R%.

Given a running cost function f defined on R% x RY, a terminal cost function g defined
on R?, the cost functional associated to a control process « is

N-1
Ja) = E > f(X5,an) +g(XF)
n=0

The set C of admissible control is the set of control processes « satisfying some integrability
conditions ensuring that the cost functional J(«) is well-defined and finite. The control
problem, also called Markov decision process (MDP), is formulated as

Vowo) = inf J(a), (12)

and the goal is to find an optimal control a* € C, i.e., attaining the optimal value: Vj(z)
= J(a*). Notice that problem (L.I)-(1.2) may also be viewed as the time discretization
of a continuous time stochastic control problem, in which case, F' is typically the Euler
scheme for a controlled diffusion process, and Vj is the discrete-time approximation of a
fully nonlinear Hamilton-Jacobi-Bellman equation.

Problem is tackled by the dynamic programming approach, and we introduce the
standard notations for MDP: denote by {P%(x,dx’), a € A, x € X'}, the family of transition
probabilities associated to the controlled (homogenous) Markov chain , given by

PYz,da’) = P[F(z,a,e1) € da']

and for any measurable function ¢ on X:

Prola) = [ o@)P(a,ds) = E[o(F(o.aen)].
With these notations, we have for any measurable function ¢ on X', for any o € C,
Elp(X5)lFa]l = Poo(Xg), VneN

The optimal value Vj(xg) is then determined in backward induction starting from the
terminal condition

Vn(z) = g(@), z€A,
and by the dynamic programming (DP) formula, forn = N —1,...,0:

{Qn@:,a) = f(z,0) + PVpii(2), z€X, ach,

Valz) = grengn(:n,a), (1.3)

The function @, is called optimal state-action value function, and V,, is the (optimal) value
function. Moreover, when the infimum is attained in the DP formula at any time n by
a’(z), we get an optimal control in feedback form given by: a* = (af (X)), where X* =
X" is the Markov process defined by

o= F(X5ay(XD),eni1), n=0,...,N—1, X =ao.

n'n



The DP has a probabilistic formulation: it says that for any control a@ € A, the value
function process augmented with the cumulative costs defined by

n—1

{85 = Va(X) + > f(Xf,ak), n=1,...,N} (1.4)
k=0

is a submartingale, and a martingale for the optimal control a*. This martingale property

for the optimal control is a key observation for our algorithms described later.

Remark 1.1 We can deal with state/control constraints at any time, which is useful for
the applications:

(X, an) € S a.s., neN,

where S is some given subset of R% x RY. In this case, in order to ensure that the set of
admissible controls is not empty, we assume that the sets

Alz) = {a €eR?Y: (F(z,a,e1),a) €S a.s.}
are non empty for all z € X', and the DP formula reads now as
Vo(z) = irAl(f : [f(z,a) + PVpa ()], zeX.
acA(x

From a computational point of view, it may be more convenient to work with unconstrained
state/control variable, hence by relaxing the state/control constraint and introducing into
the running cost a penalty function L(z,a): f(z,a) < f(z,a) + L(z,a), and g(z) +
g(x) + L(z,a). For example, if the constraint set S is in the form: S = {(x,a) € R x R :
hi(x,a) =0,k =1,...,p, hg(z,a) > 0,k =p+1,...,q}, for some functions hy, then one
can take as penalty functions:

P q
L(z,a) = Z,uk]hk(x,a)\g—i— Z pugr max(0, —hg(x,a)).
k=1 k=p+1

where iy, > 0 are penalization coefficients (large in practice). O

The implementation of the DP formula requires the knowledge and explicit computa-
tion of the transition probabilities P*(x,dz’). In situations when they are unknown, this
leads to the problematic of reinforcement learning for computing the optimal control and
value function by relying on simulations of the environment. The challenging tasks from a
numerical point of view are then twofold:

1. Transition probability operator. Calculations for any z € X, a € A of P*V,41(x),
forn =0,...,N — 1. This is a computational challenge in high dimension d for the
state space with the “curse of dimensionality” due to the explosion of grid points in
deterministic methods.

2. Optimal control. Computation of the infimum in a € A of [f(z,a) + pP*Vyi1(z)]
for fixed z and n, and of a,(x) attaining the minimum if it exists. This is also a
computational challenge especially in high dimension ¢ for the control space.



The classical probabilistic numerical methods based on DP for solving the MDP are
sometimes called approximate dynamic programming methods, see e.g. [4], [29], and consist
basically of the two following steps:

(i) Approximate at each time step n the @, value function defined as a conditional
expectation. This can be performed by regression Monte-Carlo (RMC) techniques
or quantization. RMC is typically done by least-square linear regression on a set of
basis function following the popular approach by Longstaff and Schwarz [24] initiated
for Bermudean option problem, where the suitable choice of basis functions might be
delicate. Conditional expectation can be also approximated by regression on neural
network as in [19] for American option problem, and appears as a promising and
efficient alternative in high dimension to the linear regression. The main issue in
the controlled case concerns the simulation of the endogenous controlled MDP, and
this can be overcome by control randomization as in [I7]. Alternatively, quantization
method consists in approximating the noise (g,,) by a discrete random variable on a
finite grid, in order to reduce the conditional expectation to a finite sum.

(ii) Control search: Once we get an approximation (z,a) — Qn(z,a) of the Q, value
function, the optimal control a,, (x) which achieves the minimum over a € A of Q,,(z, a)
can be obtained either by an exhaustive search when A is discrete (with relatively
small cardinality), or by a (deterministic) gradient-based algorithm for continuous
control space (with relatively small dimension).

Recently, numerical methods by direct approximation, without DP, have been deve-
loped and made implementable thanks to the power of computers: the basic idea is to
focus directly on the control approximation by considering feedback control (policy) in a
parametric form:

an(r) = A(x;0,), n=0,...,N—1,

for some given function A(.,#,) with parameters 6 = (6, ...,0n_1) € RN and minimize
over # the parametric functional

N—-1
J0) = E|Y FOXAl:60)) + 9(XR)|

n=0

where (X7'),, denotes the controlled process with feedback control (A(.,6,)),. This ap-
proach was first adopted in [21], who used EM algorithm for optimizing over the parameter
6, and further investigated in [13], [6], [15], who considered deep neural networks (DNN) for
the parametric feedback control, and stochastic gradient descent methods (SGD) for com-
puting the optimal parameter 6. The theoretical foundation of these DNN algorithms has
been recently investigated in [14]. Deep learning has emerged recently in machine learning
as a successful technique for dealing with high-dimensional problems in speech recognition,
computer vision, etc (see e.g. [22], [9]). Let us mention that DNN approximation in stochas-
tic control has already been explored in the context of reinforcement learning (RL) (see [4]
and [30]), and called deep reinforcement learning in the artificial intelligence community



[26] (see also [23] for a recent survey) but usually for infinite horizon (stationary) control
problems.

In this paper, we combine different ideas from the mathematics (numerical probability)
and the computer science (reinforcement learning) communities to propose and compare
several algorithms based on dynamic programming (DP), and deep neural networks (DNN)
for the approximation /learning of (i) the optimal policy, and then of (ii) the value function.
Notice that this differs from the classical approach in DP recalled above, where we first
approximate the Q-optimal state/control value function, and then approximate the opti-
mal control. Our learning of the optimal policy is achieved in the spirit of [I3] by DNN,
but sequentially in time though DP instead of a global learning over the whole period
0,...,N —1. Once we get an approximation of the optimal policy, and recalling the mar-
tingale property (1.4), we approximate the value function by Monte-Carlo (MC) regression
based on simulations of the forward process with the approximated optimal control. In
particular, we avoid the issue of a priori endogenous simulation of the controlled process in
the classical Q-approach. The MC regressions for the approximation of the optimal policy
and/or value function, are performed according to different features leading to algorithmic
variants: Performance iteration (PI) or hybrid iteration (HI), and regress now or regress
later /quantization in the spirit of [24] or [8]. Numerical results on several applications are
devoted to a companion paper [2]. The theoretical contribution of the current paper is to
provide a detailed convergence analysis of our three proposed algorithms: Theorem for
the NNContPI Algo based on control learning by performance iteration with DNN, Theo-
rem [4.2]for the Hybrid-Now Algo based on control learning by DNN and then value function
learning by regress-now method, and Theorem for the Hybrid-Later@ Algo based on on
control learning by DNN and then value function learning by regress later method com-
bined with quantization. We rely mainly on arguments from statistical learning and non
parametric regression as developed notably in the book [12], for giving estimates of ap-
proximated control and value function in terms of the universal approximation error of the
neural networks.

The plan of this paper is organized as follows. We recall in Section [2] some basic results
about deep neural networks (DNN) and stochastic optimization gradient descent methods
used in DNN. Section [3|is devoted to the description of our three algorithms. We analyze
in detail in Section [4] the convergence of the three algorithms. Finally the Appendix collect
some Lemmas used in the proof of the convergence results.

2 Preliminaries on DNN and SGD

2.1 Neural network approximations

Deep Neural networks (DNN) aim to approximate (complex non linear) functions defined on
finite-dimensional space, and in contrast with the usual additive approximation theory built
via basis functions, like polynomial, they rely on composition of layers of simple functions.
The relevance of neural networks comes from the universal approximation theorem and the
Kolmogorov-Arnold representation theorem (see [20], [5] or [16]), and this has shown to be
successful in numerous practical applications.



We consider here feedforward artificial network (also called multilayer perceptron) for
the approximation of the optimal policy (valued in A C RY) and the value function (valued
in R), both defined on the state space X C RY. The architecture is depicted in Figure
and it is mathematically represented by functions

r € X — P(z;0) € R

with 0 = g or 1 in our context, and where §# € © C RP are the weights (or parameters) of
the neural networks. The DNN function ® = & with input layer &y = ((I)B)i =z e X
composed of d units (or neurons), L — 1 hidden layers (with layer ¢ composed of dy units),
and output layer composed of d;, = o neurons is obtained by successive composition of
linear combination and activation function oy (that is a nonlinear monotone function like
e.g. the sigmoid, the rectified linear unit ReLLU, the exponential linear unit ELU, or the
softmax):

o, = O-E(wf(I)E—I_F’YZ) € Rdza t=1,...,L,

for some matrix weights (w;) and vector weight (), aggregating into 6 = (w¢,v¢)¢=1,...L-
A key feature of neural networks is the computation of the gradient (with respect to the
variable z and the weights ) of the DNN function via a forward-backward propagation
algorithm derived from chain rule composition. For example, for the sigmoid activation
function o¢(y) = 1/(1 + e~¥), and noting that o, = o¢(1 — oy), we have

5, = [

while the gradient w.r.t. 6 of K(0) = K(®L(.;0)), for a real-valued differentiable function
y € R% s K(y), is given in backward induction by

],,@@(1-@@), =1, . L,i=1,....dy j=1,...,d
ij

Al = [g{’i]i@u—@;), (=L, 1, i=1,....d
d
9] - o ] - ] S s

We refer to the online book [27] for a gentle introduction to neural networks and deep
learning.

2.2 Stochastic optimization in DNN

Approximation by means of DNN requires a stochastic optimization with respect to a set

of parameters, which can be written in a generic form as
i%fE[Ln(Zn; 9)], (2.1)

)

where Z,, is a random variable from which the training samples ZT(Lm ,m=1,..., M are
drawn, and L, is a loss function involving DNN with parameters 8 € RP, and typically

differentiable w.r.t. 8 with known gradient DyL,,.
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Figure 1: Representation of a neural network with d = 3, 2 hidden layers, diy = dy = 4, d3
= 1.
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Several basic algorithms are already implemented in TENSORFLOW for the search of
infimum in (2.1)). Given a training sample of size M, in all the following cases, the sequence
(0%)en tends to 6,, = argminE[Ln(Zn; 9)] under suitable assumptions on the learning rate

0

sequence (V)72

e Batch gradient descent: (compute the gradient over the full training set). Fix an
integer K, and do

M
1
grrt = gk — S > DyLn(2{™;06F), fork=1,...,K.
m=1

The main problem with the Batch Gradient Descent is that the convergence is very
slow and also the computation of the sum can be painful for very large training sets.
Hence it makes it very stable, but too slow in most situations.

e Stochastic gradient descent (SGD): (compute the gradient over one random instance
in the training set)

Ol = O~ DL, (Z0 ™), m=1,...,M —1.

starting from 60 € RP, with a learning rate 7,,. The Stochastic gradient algorithm
computes the gradient based on a single random instance in the training set. It is
then a fast but unstable algorithm.

e Mini-batch gradient descent: (compute the gradient over random small subsets of
the training set, i.e. mini-batches) let Mb be an integer than divides M. Mb stands
for the number of mini-batches and should be taken much smaller than M in the
applications.

For all k,..., Mb,

Mo+

— Randomly draw a subset (Zflk’m)) " of size M1 = MMb in the training set.

. M
— iterate: 9,’3“ = 95? — Yk M}L—l mell DeLn(ZT(lm); ‘95)

m=1




The mini-batch gradient descent is often considered to be the best trade-off between
speed and stability.

The three gradient descents that we just introduced are the first three historical algo-

rithms that has been designed to learn optimal parameters. Other methods such as the
Adaptive optimization methods AdaGrad, RMSProp, and finally Adam are also available.
Although not well-understood and even questioned (see e.g. [31]), the latter are often cho-
sen by the practitioners to solve and appear to provide the best results in most of the
situations.
For sake of simplicity, we only refer in the sequel to the stochastic gradient descent method,
when presenting our algorithms. However, we recommend to test and use different algo-
rithms in order to know which are the ones that provide best and fastest results for a given
problem.

3 Description of the algorithms

We propose algorithms relying on a DNN approximation of the optimal policy that we
compute sequentially in time through the dynamic programming formula, and using perfor-
mance or hybrid iteration. The value function is then computed by Monte-Carlo regression
either by a regress now method or a regress later joint with quantization approach. These
variants lead to three algorithms for MDP that we detail in this section.

Let us introduce a set A of neural networks for approximating optimal policies, that is
a set of parametric functions € X +— A(x;3) € A, with parameters § € R, and a set V
of neural networks functions for approximating value functions, that is a set of parametric
functions z € X — ®(z;60) € R, with parameters § € RP.

We are also given at each time n a probability measure p,, on the state space X', which
we refer to as a training distribution. Some comments about the choice of the training
measure are discussed in Section [3.3

3.1 Control learning by performance iteration

This algorithm, refereed in short as NNcontPI Algo, is designed as follows:

e Forn = N —1,...,0, we keep track of the approximated optimal policies ax, k = n +
1,...,N — 1, and approximate the optimal policy at time n by a, = A(.; 5,) with

Bn € argminE
BER!

F(Xn, A(Xn; B)) Zf , Xﬁ>>+g<Xﬁ>] (3.1)

k=n+1

where X,, ~ iy, XT’?H = F(Xp, A(Xp; 8),6np1) ~ PAXRO) (X, da’), and for k = n +
L., N=1, X2, = F(XP, an(X7), 1) ~ PED(XP da’). Given estimate a3 of y,
k=n+1,...,N — 1, the approximated policy a,, is estimated by using a training sample
(X(m) (e l(c+)1)£ nN 1), m=1,...,M of (Xn, (sk_H)k N= ) for simulating (Xn, (X]fﬂ)i nN !
and optimizing over the parameters 3 € R of the NN A(.; 3) € A, the expectation in

by stochastic gradient descent method (or its variants) as described in Section ({2.2)).

)



» We then get an estimate of the optimal policy at any time n = 0,..., N — 1 by:

iy = AGB € A

where 3711\4 is the “optimal” parameter resulting from the SGD in 1) with a training
sample of size M. This leads to an estimated value function given at any time n by

N-1
VM) = Eu | Y FXPTa (X05) +9(X30)| (3.2)

k=n
where E); is the expectation conditioned on the training set (used for computing (dﬁ/[ ) k),
and (ng)k:n L is given by: X2" = z, X:fl ~> P&%(XZ’I)(XZ@, de'), k=mn,...,N—1.

The dependence of the estimated value function VnM upon the training samples X ,gm), for

m=1,...,M, used at time k = n,..., N, is emphasized through the exponent M in the
notations.

Remark 3.1 The NNcontPI Algo can be viewed as a combination of the DNN algorithm
designed in [I3] and dynamic programming. In the algorithm presented in [I3], which totally
ignores the dynamic programming principle, one learns all the optimal controls A(.; 5,,), n
=0,...,N — 1 at the same time, by performing one unique stochastic gradient descent.
This is efficient as all the parameters of all the NN are getting trained at the same time,
using the same mini-batches. However, when the number of layers of the global neural
network gathering all the NN A(.; 5,,), n =0,..., N —1 is large (say 2711\/:—1 £, > 100, where
¢, is the number of layers in A(., 3,)), then one is likely to observe vanishing or exploding
gradient problems that will affect the training of the weights and biais of the first layers
of the global NN (see [7] for more details). Therefore, it may be more reasonable to make
use of the dynamic programming structure when N is large, and learn the optimal policy
sequentially as proposed in our NNcontPI Algo. Notice that a similar idea was already
used in [I1] in the context of uncertain volatility model where the authors use a specific
parametrization for the feedback control instead of a DNN adopted more generally here.

O

Remark 3.2 The NNcontPI Algo does not require value function iteration, but instead is
based on performance iteration by keeping track of the estimated optimal policies computed
in backward recursion. The value function is then computed in as the gain functional
associated to the estimated optimal policies (d% )k- Consequently, it provides usually a low
bias estimate but induces possibly high variance estimate and large complexity, especially

when N is large. O

3.2 Control learning by hybrid iteration

Instead of keeping track of all the approximated optimal policies as in the NNcontPI Algo,
we use an approximation of the value function at time n+1 in order to compute the optimal
policy at time n. The approximated value function is then updated at time n by relying

10



on the martingale property (|1.4) under the optimal control. This leads to the following
generic algorithm:

Generic Hybrid Algo
1. Initialization: Viy = g
2. Forn=N-1,...,0,

(i) Approximate the optimal policy at time n by a, = A(.; Bn) with

Bu € argminE |f(Xo, A 6)) + Van (517 (33)

where X,, ~ pin, X207 = F(X,0, A(Xp; B),6n41) ~ PAKRE) (X, da).

(ii) Updating: approximate the value function by

V@) = E|f(Xnan(X) + Ve (X)X =2] . (3.4)

The approximated policy a, is estimated by using a training sample (X (m), 7(;1)1) m

=1,...,M of (X,,¢,,,) to simulate (Xn, Xni'iﬁ) , and optimizing over the parameters (3
€ R! of the NN A(.; 3) € A, the expectation in (3.3

(or its variants) as described in Section (2.2). We then get an estimate a¥ = A ( ; Bé” .

) by stochastic gradient descent method

The approximated value function written as a conditional expectation in is estimated
according to a Monte Carlo regression, either by a regress now method (in the spirit of [19])
or a regress later (in the spirit of [8] and [3]) joint with quantization approach, and this
leads to the following algorithmic variants detailed in the two next paragraphs.

3.2.1 Hybrid-Now Algo

Given an estimate a of the optimal policy at time n, and an estimate VM iy of Vn+1, we
estimate V;, by neural networks regression, i.e.,

~ M M A]VI 2
Vn € arg (rnel)révE‘f ny Ay ( )) Vn+1( n+1) - (I)(X’nve)‘ (35)

] (m) &%,(m) — n (m) n
using samples Xy, 7, X, 11, m = , M of X, ~ p,, and XM_1 of Xn+1 In other

words, we have
vM = 9 <,9A7]y) )

n

where 92/[ is the “optimal” parameter resulting from the SGD in 1) with a training
sample of size M.

11



3.2.2 Hybrid-LaterQ Algo

Given an estimate @)/ of the optimal policy at time n, and an estimate an‘ﬁl of Vn+1, the
regress-later approach for estimating V}, is achieved in two stages: (a) we first regress/interpolate

A~ ~ M
the estimated value an\il <XZ’}H> at time n 4+ 1 by a NN (or alternatively a Gaussian pro-

AM
cess) ®(X,,), (b) Analytical formulae are applied to the conditional expectation of this

~ M
NN of future values XZ?H with respect to the present value X,,, and this is obtained by
quantization of the noise (g,) driving the dynamics (1.1)) of the state process.

The ingredients of the quantization approximation are described as follows:
e We denote by é a K-quantizer of the E-valued random variable &1 ~ &1 (typi-

cally a Gaussian random variable), that is a discrete random variable on a grid I' =
{e1,...,ex} C EX defined by

K
£ = Projp(e1) = Zeglalece(p),
/=1
where C1(T"), ..., Cx (') are Voronoi tesselations of I', i.e., Borel partitions of the

Euclidian space (F, |.|) satisfying

Cy(I') C {eeE:]e—ed = min |e—ej|}.
j=1, K

=1,...,

The discrete law of € is then characterized by
P = Pé=¢) = PlegeC)], £=1,...,K.

The grid points (e;) which minimize the L2-quantization error || — £|, lead to the
so-called optimal L-quantizer, and can be obtained by a stochastic gradient descent
method, known as Kohonen algorithm or competitive learning vector quantization
(CLVQ) algorithm, which also provides as a byproduct an estimation of the associated
weights (pg). We refer to [2§] for a description of the algorithm, and mention that for
the normal distribution, the optimal grids and the weights of the Voronoi tesselations
are precomputed on the website http://www.quantize.maths-fi.com

e Recalling the dynamics (|1.1)), the conditional expectation operator is equal to

&M

PROW (@) = E[WEXS )X, =2] = E[W(F(@,a) (@),2)], zed,

that we shall approximate analytically by quantization via:

K
P @W () = E[W(F(z,a)(2),6)] = > pW (F(x,a) (x),e0)) . (3.6)
(=1

The two stages of the regress-later are then detailed as follows:
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(a) (Later) interpolation of the value function: Given a DNN & (.;60) on R? with para-
meters § € RP, we interpolate M i1 by

Vi) = @ (;050),
where 0,%1 is obtained via SGD (as described in paragraph from the regression
of VM (X Z’_]{l) against ¥ (Xn11;9>, using training samples X7(L ™) an_l’(m), m =
, M of X, ~ uy, and Xn’}rl’(m) of Xn+1

(b) Updating/approzimation of the value function: by using the hat operator in (3.6
for the approximation of the conditional expectation by quantization, we calculate
analytically

K
VnM<x) = f(li CL) +Pa Vn+1( ) = f(xva) +Zﬁ£q> (F(ZZZ,&%(HJ),@Z);@%O .

Remark 3.3 Let us discuss and compare the Algos Hybrid-Now and Hybrid-LaterQ. When
regressing later, one just has to learn a deterministic function through the interpolation
step (a), as the noise is then approximated by quantization for getting analytical formula.
Therefore, compared to Hybrid-Now, the Hybrid-LaterQ Algo reduces the variance of the
estimate VnM . Moreover, one has a wide choice of loss functions when regressing later, e.g.,
MSE loss function, L1-loss, relative error loss, etc, while the L2-loss function is required
to approximate of condition expectation using regress-now method. However, although
quantization is quite easy and fast to implement in small dimension for the noise, it might
be not efficient in high-dimension compared to Hybrid-Now. O

Remark 3.4 Again, we point out that the estimated value function VnM in Hybrid-Now

or Hybrid-LaterQQ depend on training samples X,gm), m = 1,...,M, used at times k =
n,..., NN, for computing the estimated optimal policies d]k\/[ , and this is emphasized through
the exponent M in the notations. O

3.3 Training sets design

We discuss here the choice of the training measure u, used to generate the training sets on
which will be computed the estimations. Two cases are considered in this section. The first
one is a knowledge-based selection, relevant when the controller knows with a certain degree
of confidence where the process has to be driven in order to optimize her cost functional.
The second case, on the other hand, is when the controller has no idea where or how to

drive the process to optimize the cost functional.

Exploitation only strategy

In the knowledge-based setting, there is no need for exhaustive and expensive (in time
mainly) exploration of the state space, and the controller can directly choose training sets
I',, constructed from distributions u,, that assign more points to the parts of the state space
where the optimal process is likely to be driven.

13



In practice, at time n, assuming we know that the optimal process is likely to stay in
the ball centered around the point m,, and with radius r,, we choose a training measure
pin centered around my, as, for example N (my,,72), and build the training set as sample of

the latter.

Explore first, exploit later

e FEaxplore first: If the agent has no idea of where to drive the process to receive large
rewards, she can always proceed to an exploration step to discover favorable subsets
of the state space. To do so, I',,, the training sets at time n, for n = 0,..., N — 1,
can be built as uniform grids that cover a large part of the state space, or u can be
chosen uniform on such domain. It is essential to explore far enough to have a well
understanding of where to drive and where not to drive the process.

e Fxploit later: The estimates for the optimal controls at time ¢,, n =0,..., N — 1,
that come up from the FEzplore first step, are relatively good in the way that they
manage to avoid the wrong areas of state space when driving the process. However,
the training sets that have been used to compute the estimated optimal control are
too sparse to ensure accuracy on the estimation. In order to improve the accuracy,
the natural idea is to build new training sets by simulating M times the process using
the estimates on the optimal strategy computed from the Ezxplore first step, and then
proceed to another estimation of the optimal strategies using the new training sets.
This trick can be seen as a two steps algorithm that improves the estimate of the

optimal control.

3.4 Some remarks

We end this section with some comments about our proposed algorithms.

3.4.1 Case of finite control space: classification

In the case where the control space A is finite, i.e., Card(A) = L < co with A = {ay,...,ar},
one can think of the optimal control searching task as a problem of classification. This
means that we randomize the control in the sense that given a state value z, the controller
chooses ay with a probability p,(x). We can then consider a neural network that takes
state x as an input, and returns at each time n a probability vector p = (py), with softmax
output layer:

exp(Be.z)
Yoiey exp(Brz)’

after some hidden layers. Finally, in practice, we use pure strategies given a state value x,

z — S(z;8) = (=1,...,L,

choose ag«(,) with

A .
(x) € arg max pe(z)

=1,...

For example, the NNcontPI Algo with classification reads as follows:

14



e Forn =N —1,...,0, keep track of the approximated optimal policies ar, k = n +
1,...,N — 1, and compute

L N-1
Bu € argminE[ > pu(X0iB) (F(Xva) + Y- F(XEa(XD) + o(Xh))].
/=1 k=n+1

A~

where X,, ~ in, Xﬁ_ﬂ = F(Xy,ap,€nt1), Xﬁﬂ = F(Xé,dk(X£)75n+1), for k =
n+l,...N-1,¢6=1,..., L

e Update the approximate optimal policy at time n by

@ With lu(x) € arg max py(z;fn).

=1,...,

an(r) = a;

n

3.4.2 Comparison of the algorithms

We emphasize the pros (4) and cons (-) of the three proposed algorithms in terms of bias
estimate for the value function, variance, complexity and dimension for the state space.

Algo Bias estimate | Variance | Complexity | Dimension | Number of
time steps N
NNContPI + - - + -=
Hybrid-Now - + + + +
Hybrid-LaterQ - +-+ + - +

This table is the result of observations made when numerically solving various control prob-
lems, combined to a close look at the rates of convergence derived for the three algorithms
in Theorems and Note that the sensibility of the NNContPI and the Hybrid-
LaterQ algorithms w.r.t. the number of time steps N is clearly described in the studies of
their rate of convergence achieved in Theorems and However, we could only provide
a weak result on the rate of convergence of the Hybrid algorithm (see Theorem , which
in particular does not explain why the latter does not suffer from large value of IV, unless
stronger assumptions are made on the loss of the neural network estimating the optimal
controls.

4 Convergence analysis

This section is devoted to the convergence of the estimator VnM of the value function V,,
obtained from a training sample of size M and using DNN algorithms listed in Section

Training samples rely on a given family of probability distributions u, on X, for n =
0,..., N, refereed to as training distribution (see Section for a discussion on the choice
of u). For sake of simplicity, we consider that p, does not depend on n, and denote then
by p the training distribution. We shall assume that the family of controlled transition
probabilities has a density w.r.t. p, i.e.,

Pz,dx") = r(z,a;2")u(dx).
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We shall assume that 7 is uniformly bounded in (x,2’,a) € X2 x A, and uniformly Lipschitz
w.r.t. (z,a), ie.,

(Hd) There exists some positive constants ||r||« and [r], s.t.

Ir(x,a;2")] < |Irlloo, Va,2' € X, a €A,

Ir(x1,a1;2") — r(wg,a2;2")| < [r], (Jx1 — z2| + |a1 — az|), Va1,29 € X, ay1,a2 € A.

Remark 4.1 Assumption is usually satisfied when the state and control space are
compacts. While the compactness on the control space A is not explicitly assumed, the
compactness condition on the state space X turns out to be more crucial for deriving
estimates on the estimation error (see Lemma , and will be assumed to hold true
for simplicity. Actually, this compactness condition on X can be relaxed by truncation
and localization arguments (see proposition in the appendix) by considering a training
distribution p such that is true and which admits a moment of order 1, i.e. [ |y|du(y)
< +o0. O

We shall also assume some boundedness and Lipschitz condition on the reward functions:

(HR) There exists some positive constants || f|leo, |¢]locs [f],, and [f], s.t.

|f(z,a)l [flloos 19(x)] < llgllecs Yz € X, a €A,
|f(21,a1) — f(x2,a2)] < [fh(|$1—372’+|a1—a2\)7
l9(z1) —g(z2)] < 9], |21 — 22|,  Vai,22 € X, a1,a2 € A.

IN

Under this boundedness condition, it is clear that the value function V;, is also bounded:

[Vallo < (N =n)[flloc + llgllocs Vn €{0,...,N}.

We shall finally assume a Lipschitz condition on the dynamics of the MDP.
(HF) For any e € E, there exists C(e) such that for all couples (x,a) and (2/,a’) in X x A:

|F(z,a,e) — F(2',d',e)| < Cle) (|lo — 2| + |a — d|) .

In the sequel, we define for any M € N*:

puy = E| sup O(e™)

)
1<m<M ]

where the (¢™),, is a i.i.d. sample of the noise €. The rate of convergence of pys toward
infinity will play a crucial role to show the convergence of the algorithms.

Remark 4.2 A typical example when [(HF)|holds is the case where F' is defined through
the time discretization of an Euler scheme, i.e., as

F(z,a,¢) :=b(z,a) + o(x,a)e,
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with b and o Lipschitz-continuous w.r.t. the couple (z,a), and € ~ N(0, I), where I is
the identity matrix of size d x d. Indeed, in this case, it is straightforward to see that
C(e) = [b]L + [o]Ll|€lla, where [b]r and [o]r stand for the Lipschitz coefficients of b and o,
and ||.]|4 stands for the Euclidean norm in R?. Moreover, one can show that:

v < [b]L—I-d[U]L\/QlOg(QdM), (4.1)

which implies in particular that

— 0(vlog(a)).
pM M—+o00 Og( )
Let us indeed check the inequality (4.1)). For this, let us fix some integer M’ > 0 and let
Z = sup |e]'| where € are i.i.d. such that el ~ N(0,1). From Jentzen inequality to
1<m<M’

the r.v. Z and the convex function z — exp(tz), where t > 0 will be fixed later, we get

2

t
sup exp t\el ] < Z [exp tler| } < 2M'exp (—),
1<m<M’ 2

exp (tE[Z]) <E[exp (tZ)] <E

where we used the closed-form expression of the moment generating function of the folded
normal distributionf] to write the last inequality. Hence, we have for all ¢ > 0:

log(2M') t
ElZ < ——~ 4 —.
2] < —=—+3
We get, after taking ¢t = y/2log(2M"):
E[Z] < \/2log(2M"). (4.2)

Since inequality ||z|lq < d||7||s holds for all z € RY, we derive

E| sup OE™)| <t +dolE| suwp O],
1<m<M 1<m<dM
and apply (4.2) with M’ = dM, to complete the proof of (4.1). O

Remark 4.3 Under [(Hd)| [(HR)| and [(HF)] it is straightforward to see from the dy-
namic programming formula that V,, is Lipschitz for all n =0, ..., N, with a Lipschitz
coefficient [V,]r, which -can be bounded by the minimum of the two following bounds:

VNl = 9L
Vol < Ufle +1Vallslrle, forn=0,...,N—1.
and

—-n

[Vn]L S pll p1

T +piv_"[g]L, forn=0,...,N—1,

*The folded normal distribution is defined as the distribution of |Z| where Z ~ Ni(u, o). Its moment

—ut) [L—® (4 —at)],

generating function is given by ¢ — exp (# + ,ut) [1 -0 (—% — at)} + exp ("22’52
where @ is the c.d.f. of N71(0,1).
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which holds since we have by standard arguments:

VNl = lglc
Vol < [fle+m,mVasile forn=0,...,N—1.

Note that we use the usual convention 1{_”? = p for p € N* and z = 0. The Lipschitz

continuity of V,, plays a significant role to prove the convergence of the Hybrid and the
LaterQ algorithms described and studied in sections [4.2) and [4.3] O

4.1 Control learning by performance iteration (NNcontPI)

In this paragraph, we analyze the convergence of the NN control learning by performance
iteration as described in Section Actually, we shall consider neural networks for the
optimal policy with one hidden layer, K neurons with total Variationlﬂ smaller than v, kernel
bounded by 7, Relu activation function for the hidden layer, and activation function o, for
the output layer (in order to ensure that the NN is valued in A): this is represented by the
parametric set of functions

W = {re X Awp) = (Ai(:8),..., A 8)) € A,
K
Ai(z; B) —0A<Z a”:z:—i-bw)Jr—i—coj) i=1,...,q,
K
B = (aij, bijs ciy)igy aij € RY, agll < n,bij,cij €R,D Jeig| < 7},
i=0
where ||.|| is the Euclidean norm in R¢.
Let Ky, mas and yas be sequences of integers such that
BME 00 MRS 00 I o s
4.3
_o [log(M)
N—1_N—1_N-2
— 0.
Parar T M Moo
We denote by Ay := ”MAZ% the class of neural network for policy with norm 7a; on the

kernel a = (a;j), K neurons and norm 7, that satisfy conditions (4.3]).

Remark 4.4 In the case where F' is defined in dimension d as: F(x,a,e) = b(x,a) +
o(x,a)e, we can use (&) to bound p};, ™ and get:

P M e O ( log(M)Nin) .

|

PThe total variation for the class of NN A} is equal to >+ |c;;| with the notations above. See e.g. [I]
for a general definition.
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Recall that the approximation of the optimal policy in the NNcontPI algorithm is

computed in backward induction as follows: For n = N — 1,...,0, generate a training

sample for the state X,(lm), m = 1,..., M from the training distribution y, and samples of
. M,N

the exogenous noise (e?)mzl,k:n 41

e Compute the approximated policy at time n

adl e argmin S0, /(XS AXE™) + V] (4.4)
AcAn
where
SmpA = A A A
v = S (el (X)) + g (x5, (4.5)
k=n+1
with (X,gm)’A)iV:nH defined by induction as follows, for m=1,..., M:

Xygnj)l’A = F XTT7A(X1T)75nm+1)

XA = F(XMA A ), fork=n 2N,

e Compute the estimated value function VnM as in (3.2).

Remark 4.5 In order to simplify the theoretical analysis, we assume that the argmin in

(4.4) is exactly reached by running batch, mini-batch or stochastic gradient descent, which
are the methods that we used to code the algorithm in our companion paper. O

Remark 4.6 The minimization problem in is actually a problem of minimization
over the parameter 3 (of the neural network A) of the expectation of a function of noises
(Xflm) )i\::l, (62”)%11\1[an 41 and 3, where F' is iterated many times. Stochastic-gradient-
based methods are chosen for such a task, although the gradient becomes more and more
difficult to compute when we are going backward in time, since there are more and more
iterations of F' involved in the derivatives of the gradients.

The integrand is differentiable if assumption holds, but it is always possible to
apply the stochastic-gradient-based algoritm for certain classes of non-differentiable func-
tions F' (see e.g. the gradient-descent implementation in TENSORFLOW which works with

the non-differentiable at 0 ReLu activation functions.). O

We now state our main result about the convergence of the NNcontPI algorithm.

Theorem 4.1 Assume that there exists an optimal feedback control (azpt)k:n7,,.7N,1 for the
control problem with value function Vy,, n =0,...,N, and let X, ~ p. Then, as M — o]

N—-n—1 N—n—lnN—n—Q

E[VnM(Xn) - Vn(Xn)} = O (pM WM\/M M

(4.6)

+ su inf E||A(X _aoth:|’
ngkggflAeAM [A(Xk) — a (X))

°The notation zp = O(yar) as M — oo, means that the ratio |zar|/|ya| is bounded as M goes to infinity.

19



where E stands for the expectation over the training set used to evaluate the approxrimated
optimal policies (&{y)nSkSN—h as well as the path (Xp)n<p<n controlled by the latter.
Moreover, as M —

A

—n— —n— —n— log(M
EM[VHM<Xn>—vn<Xn>]=op<pﬁ LyneipN n-2, [108()

M

(4.7)

+ su inf IE[AX _aoth:| ’
nﬁkg]%_lAEAM | ( k) k ( k)|

where Ep; stands for the expectation conditioned by the training set used to estimate the
optimal policies (&{y)ngngfl-

N—n—-1 N-n—1_N-n—2
Remark 4.7 1. The term 22— Ju i i should be seen as the estimation error. It
is due to the approximation of the optimal controls by means of neural networks in Ay
using empirical cost functional in . We show in section that this term disappears
in the ideal case where the real cost functional (i.e. not the empirical one) is minimized.

2. The rate of convergence depends dramatically on N since it becomes exponentially
slower when N goes to infinity. This is a huge drawback for this performance iteration-
based algorithm. We will see in the next section that the rate of convergence of value
iteration-based algorithms do not suffer from this dramatical dependence on V. O

Comment: Since we clearly have V,, < VnM , estimation (4.6) implies the convergence

in L' norm of the NNcontPI algorithm, under condition (4.3), and in the case where

SUDp< ey INf Ac A, E“A(Xk) _ azpt(Xk)” m 0. This is actually the case under some

regularity assumptions on the optimal controls, as stated in the following proposition.

Proposition 4.1 The two following assertions hold:

1. Assume that azpt(Xk) € LY(u) fork=mn,...,N —1. Then

inf E[|A(Xy) — a2 (X3)|]] —— 0. 3
nﬁlilﬁllpif—lAIGI}LlM “ ( k) Uk ( k)H M—+o00 ( )

2. Assume that the function azpt is c-Lipschitz for k =n,....,N — 1. Then

: —2d/(d+1) M —(d+3)/(2d)
£ E[AX,)—a" (X v log (1M K H3)/(2d).
LS inf E[AG) A ol < (1) og () 4+ K

(4.9)

Proof. The first statement of Proposition relies essentially on the universal approxima-
tion theorem, and the second assertion is stated and proved in [I]. For sake of completeness,
we recall the details in Section in the Appendix. O

4The notation zy; = Op(yn) as M — oo, means that there exists ¢ > 0 such that ]P’(|32M| > c|yM|) -0
as M goes to infinity.
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Remark 4.8 Note that the second statement in the above proposition is stronger than the
first one since it provides a rate of convergence of the approximation error. Fixing Kj; and
minimizing the r.h.s. of (4.9)) over ~,;, results in

-1 d+1
sup inf E[|A(Xy) — ad® (Xp)|] < cKy,° <1 + i log (KM)>,

n<k<N—1A€AM 2d
d+1
when we take vy = c¢K,7* . Hence, for such a value of vy, the Lh.s. decreases to 0 with
rate proportional to log(Kum)/ &/Ky;. |

The rest of this section is devoted to the proof of Theorem Let us introduce some
useful notations. Denote by AY the set of Borelian functions from the state space X into

the control space A. Forn =0,..., N—1, and given a feedback control (policy) represented

. . Ap)p ot .

by a sequence (Ag)g=n,. N—1, With Ay in A¥, we denote by J,(Z Wi=n the cost functional
. SMA\N—1

associated to the policy (Ag)g. Notice that with this notation, we have VM = T(La’“ =

We define the estimation error at time n associated to the NNContPI algorithm by

esti . __ 1 z (m) (m) o (m),A A7(&]1€\/1)i\7:—n1+1
et = sup | S0 [FOXE A + V]~ B[ ()],

AeAnr m—1

with X, ~ p: It measures how well the chosen estimator (e.g. mean square estimate) can
approximate a certain quantity (e.g. the conditional expectation). Of course we expect the
latter to cancel when the size of the training set used to build the estimator goes to infinity.
Actually, we have

Lemma 4.1 Forn =0,...,N — 1, we have

(N =) flle + lgllec)
(V2+16) i

—_p— N—n—1
16 1= NN+
T R ) (4.10)
1— par (1 + nvym)

E[efi,] <

N—n—1 _
+ (1 +nmym)” " ph n[g]L}

N—-n—1_N-n—1N—-n—2
:(9<'0M T Tt >, as M — oo.
vM

This implies in particular that

- log(M
esH = Op (pﬁnlyﬁ“nﬁ"2 ‘”3’"]\(4)> . as M — oo, (4.11)

is defined in |(HF)|
1<m<M

where we remind that ppr = E [ sup C(e™)
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Proof. The relation (4.10) states that the estimation error cancels when M — oo with a

N—-n—1_N-n—1_N-n-—2

rate of convergence of order O(pM ’y”f/ﬂ Ui ) The proof is in the spirit of the one

that can be found in chapter 9 of [12]. It relies on a technique of symmetrization by a ghost

sample, and a wise introduction of additional randomness by random signs. The details
are postponed in Section in the Appendix. The proof of (4.11)) follows from (4.10]) by
a direct application of Markov inequality. O

Let us also define the approxzimation error at time n associated to the NNContPI algo-

rithm by
g = inf E [J (@0 an(X )| = inf En [‘] o nlﬂ(x ) (4.12)
Pln T UL EM|Jn " AEAX " ek '

where we recall that Ej;; denotes the expectation conditioned by the training set used to

compute the estimates (d{y )N_1

k=n+1
sia:};pmx measures how well the regression function can be approximated by means of neural

and the one of X,, ~ p.

networks functions in A;; (notice that the class of neural networks is not dense in the set
A% of all Borelian functions).

Lemma 4.2 Forn =0,...,N —1, it holds as M — oo,

,ON n— 1,_)/N n— 1?7N n—2 .
E[e2PProX) — 0 | 2M M M +  su inf E||A —aP(X )
Pt ] ( i n<k<% o [[A(XR) — ap™ (X3)|]
(4.13)

This implies in particular

approx n— n— n— log (M o
€PLn —OP’(N "y lgM) | sup  inf E[’A(Xk)—akpt(Xk)H)-

M n<k<N-1A€Ay
(4.14)
Proof. See Section in Appendix for the proof of (4.13). The proof of (4.14]) then
follows by a direct application of Markov inequality. O

Proof of Theorem [4.7]
Step 1. Let us denote by

A (aM

M
JnM s n+1 — 7 Z [f(XT(Lm)’A(XT(lm))) f/(m) A]

the empirical cost function, from time n to IV, associated to the sequence of controls

(A, (aﬁ/[ ),JCV nl 1 &% 1) and the training set, where we recall that n(Tl) A s defined in 1'
We then have

M\N—-1
(k)kn

B 20 = O ]
(M)N 1

§;+J , (4.15)
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by definition of V and aesm Moreover, for any A € Ay,

J:]\(jk )g n1+1 — j;i’]\(jél)k]v:_nquI _ [Jn ( M)i\’ n1+1 (X ):| + E |:JA (a‘k )k n+1 (Xn)]
A N-1
< efff, + Bag [ ()| (4.16)
Recalling that
M
aM = argman ]\(;k i ”“,
AeAN v

and taking the infimum over Aj; in the Lh.s. of (4.16) first, and in the r.h.s. secondly, we
then get

(@)

k=n+1 (Xn)i| ]
Plugging this last inequality into (4.15]) yields the following estimate

Eum [VnM(Xn)] —infaeca,, Enm {J

Step 2. By definition (4.12)) of the approximation error, using the law of iterated conditional
expectations for J,, and the dynamic programming principle for V,, with the optimal control

J(a e < 6faslt’in+ 1nf EM{Jn

M

A( M\N—-1

W) < e, (4.17)

t .
ayX’ at time n, we have

A (“k )]kv n1+1
inf Ey[Jp’ (Xn)] = Ear[Va (X))

Ace Ay
(@)

a 1)k n+1 (Xn+1)] }

—Bm [f(X”’ apP' (X)) + Ea%pt [Vn+1(Xn+1)ﬂ

= g + Jinf, En{f(Xn, A(Xp)) +Ea [,

N-1

g+ B ) o]

where E4[.] stands for the expectation conditioned by X,, at time n and the training set,
when strategy A is followed at time n. Under the bounded density assumption in [(Hd)|
we then get

A (ak )k n+1
AlerjélM M [J ( )] M[V ( )]

approx (a );nl
< 4 el [ R @) = Vi )]t

< Ei?l)prox + lIrllocEns [Vn+1(Xn+l) - Vn+1(Xn+1)}v with Xpi1 ~ p. (4.18)

Step 3. From (4.17)) and (4.18), we have

M M . Av(&ﬁl)g=7;+1

En [Vn (Xn) — Vn(Xn)] =Euy [Vn (Xn)] — inf Ep [Jn (Xn)”
AeAN

N-1

A,(a Iy
N g}{M EM[ ap")ps +1(Xn)] — En[Va(X0)]
< 26800, + epra

I looBar [V (K1) = Var (Xui)] . (419)
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By induction, this implies
N-1
Ear [V (Xn) = Va(Xn)] < )0 (26505 + epine ™).
k=n
Use the estimations (4.11]) for Efé,sﬁin in Lemma and 1’ for epp,”™ in Lemma
and observe that V,(X,) > V;,(X,) holds a.s., to complete the proof of (4.7). Finally, the

proof of (4.6)) is obtained by taking expectation in (4.19)), and using estimations (4.10) and
(4.13]). O

4.2 Hybrid-Now algorithm

In this paragraph, we analyze the convergence of the hybrid-now algorithm as described in
Section 3.2.7] We shall consider neural networks for the value function estimation with one
hidden layer, K neurons with total variation -, kernel bounded by 7, a sigmoid activation
function o for the hidden layer, and no activation function for the output layer (i.e. the
last layer): this is represented by the parametric set of functions

K
WLo= {x EX— O(x;0) = Zcm(aiw + bi) + co,
i=1
K
0 = (ai, bi,ci)iy  |laill <n, b €R, Z jeil < 7}'
i=0

Let nar, Kas and yas be integers such that:

v ———» 0 s YM —— +00 ) Ky —— o0,
M—00 M —00 M—o00 ( 4 20)
Vi K log(M) . 0 VarPas My log(M) 0 :
M—o0 ’ M M— o0
where we remind that pys is defined in |((HF')]
In the sequel we denote by Vjs := "W]é;’l the space of neural networks for the estimated
value functions at time n = 0,..., N — 1, parametrized by the values nas, var and Ky that

satisfy (4.20). We also consider the class Aj; of neural networks for estimated feedback
optimal control at time n = 0,...,N — 1, as described in Section with the same
parameters 17, Yy and K.

Recall that the approximation of the value function and optimal policy in the hybrid-
now algorithm is computed in backward induction as follows:
o Initialize VY =g
(m)

e Forn=N-1,...,0, generate a training sample X,,;"’, m =1,..., M from the training
distribution u, and a training sample for the exogenous noise 5531)1, m=1,..., M.

(i) compute the approximated policy at time n

M
1 ~ m
al e argmin — Y [F(X, AXE)) + VM (x )]
Ac Ay m=1

where XA = p(x (™ AX{™), M)~ PACT) (X0 dat).
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(ii) compute the untruncated estimation of the value function at time n

M
- . 1 m) » m 9 m,&ﬂ/l m
VM e argmin g 37| FOC, ! (X)) + VLG — @)
€Vm

2

m=1

and set the truncated estimated value function at time n

VM = max (min (VM [ Villso) —\|vn||oo). (4.21)

Remark 4.9 Notice that we have truncated the estimated value function in by
an a priori bound on the true value function. This truncation step is natural from a
practical implementation point of view, and is also used for simplifying the proof of the
convergence of the algorithm. The conditions in for the parameters are weaker than
those required in for the NNcontPI algo by performance iteration, which implies a
much faster convergence w.r.t. the size of the training set. However, one should keep in
mind that unlike the performance iteration procedure, the value iteration one is biased
since the computation of ‘A/n]\frl (X,‘L‘H) are biased future rewards when decision A is taken
at time n and estimated optimal strategies are taken at time k > n + 1. O

We now state our main result about the convergence of the Hybrid-Now algorithm.

Theorem 4.2 Assume that there esxists an optimal feedback control (azpt)k:n,m,N_l for
the control problem with value function V,, n = 0,...,N, and let X,, ~ u. Then, as
M — +oo

1 1
o Ky log(M) 2(v—n) 2 102 Noo(M)\ Ty
Ear [ (X0) = Va(X0)l| = op< (ﬁﬂ“’ o ,” ) + <7MpM?ng<>>

1
+ sup inf (B [|@(X) - V(X2 )
n<k<N ®€VMm

1
. ___opt 2(N—n)
+ s inf (E[l4(x) - o ()] )

(4.22)

where Ep; stands for the expectation conditioned by the training set used to estimate the
optimal policies (a7 )pn<r<N-—1-

Comment: Theorem [£.2] states that the estimator for the value function provided by
hybrid-now algorithm converges in IL!(z) when the size of the training set goes to infinity.

Note that the term (ﬁ%%g(m) "7 gtands for the estimation error made by esti-

1
2 n2 V=)
mating empirically the value functions using neural networks, and <’yﬁ4 %log(m) )

stands for the estimation error made by estimating empirically the optimal control using

neural networks. The term sup inf \/ E[|(I>(Xk) - Vk(Xk)P} stands for the approxi-
n<k<N ®EVMm

mation error made by estimating the value function as a neural network function in Vjy,
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and sup inf E [\A(X k) —aP (X k)]} is the one made by estimating the optimal control
n<k<N A€AM

as a neural network function in A;.

In order to prove Theorem let us first introduce the estimation error at time n
associated to the Hybrid-Now algorithm by

esti . __
EHN n’ sup

Ac Ay Z[ PG, A ))+Y"+1 }

m=1

= Eflx, [£(Xns ACX) + VM (X))

)

where

m),A m m m
andeZJr)1 :F< X! )A( ( )),5n+1>.

We have the following bound on this estimation error:
Lemma 4.3 Forn =0,...,N — 1, it holds:

(V2416) (N = n)| flloo + llglloo) + 16[f]z N 16PM77M'7%/[
VM VM

E [ef4,,] <

2
PMNIM Vg
= O ——* ). 4.23
M—o0 ( v M ) ( )
Proof. See Section in Appendix. O

Remark 4.10 The result stated by lemma [£.3] is sharper than the one stated in Lemma
for the performance iteration procedure. The main reason is that we can make use of
the varnas-Lipschitz-continuity of the estimation of the value function at time n + 1. O

We secondly introduce the approximation error at time n associated to the Hybrid-Now
algorithm by

SR = inf B (Xa ACX) + V4| - AiGngXIEM[f(Xn,A(Xn))+}7nﬂ1],

where VA = an\fl( (X0, A(X3)s Ent1))-

We have the following bound on this approximation error:
Lemma 4.4 Forn =0,...,N — 1, it holds:
i < ([fle + [Vatallso[r]L) nf En [|A(Xn) = a?P (Xa)|]

(4.24)
+ 2llrllocEa |

Vit (Xnpn) = V23 (X))

26



Proof. See Section [A7]in Appendix. O

Proof of Theorem [4.2]

Observe that not only the optimal strategy but also the value function is estimated at each
time step n = 0,..., N — 1 using neural networks in the hybrid algorithm. It spurs us to
introduce the following auxiliary process (V;M)N_, defined by backward induction as:

VM () :g() for z € X,
VM) = fla,all (2) + B[V (F(z.a (@),2000)], forae X,

and we notice that for n = 0,..., N — 1, V,M is the quantity estimated by VnM .
Step 1. We state the following estimates: for n = 0,..., N — 1,

0< Ey {V%(Xn) = inf { F(Xns0) + B x, Vi) (Xns1)] }] < 2, + TN, (4.25)

acA
and,
_ . 2
Ear | |7 (X0) = inf { F(Xnya) + B x, |[Vithy (Xas)| } ]
a€ (4.26)

< 2((N = m)lIfllo + llloo) (26558, + e3R2)

where Ejps 5, x,, stands for the expectation conditioned by the training set and X,.
Let us first show the estimate (4.25)). Note that inequality

VM(X,) — inf { F(Xna) + By x [Vnﬂﬁl(xnﬂ)]} >0

acA

holds because @ cannot do better than the optimal strategy. Take its expectation to get

the first inequality in (4.25)). Moreover, we write

_ A]\/[
< inf Ey [f (Xns ACX0)) + VL) (Xikr) | + 2658 0
Ac Ay

which holds by the same arguments as those used to prove (4.17)). We deduce that

Ear [V (Xa)] < inf Eng [ (X, ACX)) + VML (Xik) | + R0 + 265,

<Ey [ig { (Xn,0) + By [V (X10) | X0 }] TP 4 et |

This completes the proof of the second inequality stated in (4.25). On the other hand, not-
g |06 = i {7C600) + By [V (o) X} < 2000 = )1 + o) and
applying (4.25), we obtain the inequality (|4.26} -
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Step 2. We state the following estimation: for all n € {0, ..., N}

N _ log
M _ oM _ 2
V6) = T ) oﬂ»<m K5 int \1@(X) = V()
+ inf \/HA (X))
AcAX M,1

A~

Vit (Xns1) = V2L (i) |
1(Xng1) = Vo (Xng1) MJ)

+\/\

where ||.|| as,p stands for the L norm conditioned by the training set, i.e. ||.|[asp ng IE ]p]) i

for p € {1,2}. The proof relies on Lemma and Lemma (see Section [A.8 in Ap-
pendix) which are proved respectively in [I8] (see their Theorem 3) and [19).

(4.27)

|

Let us first show the following relation:

A

vnM<Xn>—vnM<Xn>!2}=0p<ﬁ4KM“’g]ffM)+wM o) - v x)7])
(4.28)

o

For this, take dy; = VMK ( ) , and let § > dps. Apply Lemma to obtain:

V3

025/712\4

v 5 1/2
log <N2<4:M, {£=a:r ey Y 11 = gteon)” < %Qw}m%f» du
m=1

V5 1/2
< log </\/2( VM,:E{W>) du
4y

26/73r
1/2

du

s
<[ ((4d + 9) Ky +1)" llog (

N 20/,

4867]2\/[ (KM + 1))

u

Ve 12 A 1/2
< / ((4d+9)Kp +1) [log (48e§4(KM + 1))} du

20/,
< Vo ((4d + 9)Kpr + 1) [log (48ev, M (Kpr +1))]

< esVo/Ka/log(M), (4.29)

where N3 (e, V,x{w ) stands for the e-covering number of V on m{v‘[ , which is introduced in

MéM —— 0. Since § >
’YM M—0

S = i Ku M, we then have v/0v/Kjyr+/log(M ‘/:5, which implies that -
M
holds by - Therefore, by application of Lemma 1t holds:

section [A.8, and where the last line holds since we assumed

EM[WnWXn)—VnM(Xn)f]=on»(mKM10g;4M>+ nf B[l - v F] )

PV

It remains to note that Ej/ [|VnM(Xn) - VnM(Xn)|2} <En Uf/nM(Xn) - VnM(Xn)H always
holds, and this completes the proof of (4.28)).
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Next, let us show

B [2060) V(X
KMlog(M)
= O3/ =L sup inf ||® V(X
(W i n<k5N¢€VMII( n) = Va(Xn) a2

+in Ear [JACK) — (6] +

Vor1(Xng1) = Vi1 (Xag) HM , ) -(4.30)

For this, take some arbitrary ® € V,; and split

Gt [ @(X) = V(X0 < jinf (12(X0) = V(X lago + [[Va(Xn) = Vi (X512
(4.31)
To bound the last term in the r.h.s. of , we write
HVn(Xn)—VnM(Xn)HMQS‘Vn(Xn)—ggg{f(Xn,a)+Ea [f/ Xpi1) | X ”Hm
a M
+ |t {f(Xn,a)—HE [Vnﬂ i) ]X]}—Vn (X,) s

Use the dynamic programming principle, assumption |[(Hd)|and (4.26) to get:

A~

Vi) = G (X0 < il || Va (Xinsn) = Vi (Xoui)|

M,2

20 = Sl + gl (285 + ).
‘We then notice that

~ 2
Vi1 (Xns1) = Vs (Xui1)| < 2l (N = m)[1flloe + llglloc)

holds a.s., so that

Vi1 (Xnt1) — Vnﬂf—l(Xn+1)‘

A~

n+1 (Xn-i-l) - an\il (Xn+l)‘)

V2 60) = T2 Xl < /20 (O = )+ gl [

/20 = Sl + gl (2eas§,n+e%%’;?")7

and use Lemma 4.4/ to bound sapprox By plugging into , and usmg the estimations in
Lemmas and we obtain the estimate (4.30)). Together with (| , this proves the
required estimate 1) By induction, we get as M — oo,

1 1
3 Kpyrlog(M)\ 2(v=n) 02,2, log(M)\ AN =)
M [|VnM(Xn) - Vn(Xn)q = OP( <’Y%/1M1W()> + <’7ﬁ/[MM]\J()

1

+ sup inf (Ea|10(X5) - Vi(X)P] )
n<k<N ®€VMm

+ sup inf ( [|A(Xk)—azpt(Xk)|D2(Nlm),

n<k<N A€An

which completes the proof of Theorem O
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4.3 Hybrid-LaterQ algorithm

In this paragraph, we analyze the convergence of the Hybrid-LaterQ algorithm described
in Section

We shall make the following assumption on F' to ensure the convergence of the Hybrid-
LaterQ algorithm.
(HF-LQ) Assume F' to be such that:

1. (Estimation error Assumption) [(HF)| holds, i.e. for all e € E, there exists C'(e) > 0
such that for all couples (z,a) and (2/,a’) in X x A:

‘F(aj, a,e) — F(2/, a',e)‘ <C(e) (lz — 2|+ Ja—d]) .
Recall that for all integer M > 0, pys is defined as

pM:E[ sup C(E’”)},
1<m<M

where the (¢™),, is a i.i.d. sample of the noise ¢.

2. (Quantization Assumption) There exists a constant [F];, > 0 such that for all (z,a) €
X x A and all pair of r.v. (g,¢&'), it holds:

|1F(z,a,e) — F(x,a,&")|l2 < [Fllle — €'l]2.

As for the hybrid-now algorithm, we shall consider neural networks for the value function
estimation with one hidden layer, K neurons with total variation v, kernel bounded by 7,
a sigmoid activation function o for the hidden layer, and no activation function for the
output layer (i.e. the last layer), which is represented by the parametric set of function
"W). Let nar, Kar and v be integers such that:

Ky — o0 Y —— O , MM —— 0
M—o0 M—o0 M—o0
o [loa(M) 0 (4.32)
PMTIMY M M e > V.
In the sequel we denote by Vs := WWV?(];I{ the space of neural networks parametrized by
the values nas, vy and Ky that satisfy (4.32). We also consider the class Ajy; of neural
networks for estimated feedback optimal control at time n = 0,..., N — 1, as described in

Section with the same parameters 157, s and Kyy.

Recall that the approximation of the value function and optimal policy in the Hybrid-
LaterQ algorithm is computed in backward induction as follows:

o Initialize V! = g

e Forn=N-1,...,0, generate a training sample Xém), m=1,..., M from the training
distribution u, and a training sample for the exogenous noise 5;71)1, m=1,..., M.
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(i) compute the approximated policy at time n

M

e angmin g 3 (£ AGE) + VL (XY)

AeAym m=1

where X" = p(x (™ Ax{™), M)~ PACT) (X0 dat).
(ii) compute an untruncated interpolation of the value function at time n + 1
- . m),aM m),aM 2
Vify € argmingy Y, M) —e(x )] @)
M

and set the truncated interpolation of the value function at time n + 1
v = max (min (VA [Vasalloo)s =1 Vast o )

(iii) update/compute the estimated value function

V(@) = f(= +sz Vit (F(x, a4y (), e0)),
where £, is a L-optimal quantizer of ¢, on the grid {ej,...,er} with weights

(pb s 7PL)-

Remark 4.11 1. It is straightforward to see that the neuronal network functions in Vj
are Lipschitz with Lipschitz coefficient bounded by na;vas. We highly rely on this property
to show the convergence of the Hybrid-LaterQ algorithm.

2. Note that ( is an mterpolatlon step. In the pseudo-code above, we decided to
interpolate the value functlon Vn using neural networks in Vs by reducing an empirical
quadratic norm. However, we could have chosen other families of functions and other loss
criterion to minimize. Gaussian processes have been recently reconsidered to interpolate
functions, see [25]. O

We now state our main result about the convergence of the Hybrid-LaterQ algorithm.

Theorem 4.3 Assume that there esxists an optimal feedback control (azpt)k:n,m,N_l for
the control problem with value function V,,, n = 0,...,N. Take X,, ~ u, and let Ly; be a
sequence of integers such that

Ly —s o0, and DO
M—o00 LJW M—oc0

Take Lp; points for the optimal quantization of the exogenous noise. Then, it holds as
M — oo:

log(M)  narym
M Ll/d
M

M[‘VnM(Xn) - Vn(Xn)H =0Op (PMUM'YJQM

+ su inf EMA(X.) — a®PH(X
neniN ACAY [[A(XR) — 0™ (X)]

+ sup inf E[|®(Xg) — Vi(Xp)|] ] (4.34)
nt+1<k<N PEVM

31



Comment: Theorem combined to Proposition show that estimator VnM provided
by Hybrid-LaterQ algorithm is consistent, i.e. converges in L' toward the value function
V., at time n when the number of points for the regression and quantization goes to infinity.

Remark 4.12 Note that the dimension d of the state space appears (explicitly) in the
quantization error written in , as well as (implicitly) in the approximation errors
associated to the value functions and optimal control learning. See for example for
an explicit dependence of the approximation error on d. O

In order to prove Theorem let us introduce the estimation error at time n associated
to the Hybrid-LaterQ algorithm by

n

M
S [, A )+ v

9

— B, [FO ACX) + VM (Xo) |

where Yéfl)’A = an\ﬁl (ng)fA)? and Ef%n, x,,|-] stands for the expectation conditioned by

the training set and X,, when decision A has been taken at time n.

We have the following bound on this estimation error:

Lemma 4.5 Forn =0,...,N — 1, it holds:

B[egy,] < 21O n>%oo +llglloe) +16[/12. 16pM%3V,

2
_ of Pumaiy
M:wo< e ) (4.35)

Moreover,

; log(M)
ti _ 2
En [z-:ist] I @ (pMnM%[ . (4.36)

Remark 4.13 The result stated in Lemma .5 is the same as the one stated in Lemma [4.3]
for the hybrid-now algorithm. This result can actually be proved using the same arguments,
so we omit the proof here. O

Next, we introduce the approximation error at time n associated to the Hybrid-LaterQ
algorithm by

S =l En[f(X0 AG)) + V]~ inf By (X AK) + T,

where YA | := VM| (F (X, A(Xp), €n41))-

n

We have the following bound on this approximation error, which is similar to the one
stated in Lemmal[4.4] for the Hybrid-Now algorithm. The proof is similar and is thus omitted
here.
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Lemma 4.6 Forn =0,...,N — 1, it holds:
S < (e + (Ll Vasalloo) inf Ear [|ACG) — o206

. (4.37)
+ 2frlocBar [[Vasa (Xnsn) = V21 (K1)
Proof of Theorem [4.3l
We split the L' norm as follows:
M _ <’“M_‘M‘ &M _ {ropt .
[ —va)| < [ v v, (4.38)
+ Hvspt - VnHM,l ’
where (VM),, is defined as:
(@) = gla) )
nM(l‘) = f(x,dﬂ/f(x)) + EM[ ,fﬂr“flc(F(a:,&%(a:),EnH))], n=0,...,N—1,

VPt(z) = g(x)
V(@) = infaca {f(e,@) + Ex [V (F@,a.e00)] |, =0, N~ 1.

1
Recall that ||.||ap = (Ep[|.|P])? stands for the LP-norm conditioned by the training set,
for p € {1,2}.
Step 1: The first term in the r.h.s. of (4.38) is the quantization error. We show that

vM _yM ‘Ml =Op (W) , as M — oo. (4.39)
’ M

Denote by Eg = |VM(X,) — VM(X,)||, the LP-quantization error, for p € {1,2}. Since
V;r“m is Lipschitz, for n € {0, ..., N}, with its Lipschitz coefficient bounded by nasyar, we
thus get:

e o= VM (Xn) = VM (X)ll2 < maya[Flollénsa — engalla, (4.40)

from assumption [((HF-LQ)|l Now, recall by Zador theorem about optimal quantization (see
[10]) that there exists some positive constant C' such that

2
. Z A _ 2\ _
MIEEOO (LMHEn-i-l 5n+1”2) C.

By using Zador theorem in 1) and with inequality 5? < 5?, we obtain the bound 1)

for the quantization error.

Step 2: We show: as M — oo,

( 7trun O log(M) :
e (o) = Vi Ks)| =0p< B Gl [@(X1) = Vi (Xos) g,
~ M 2
+ [ = VL )| ). ()
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Denote by

2
(X ) = Vb (x|

M
> trunc _
Ry ( n+1 ) = E

m=1

the empirical quadratic risk, and by
R (Vyfflnc> = [
its associated quadratic risk. From the central limit theorem, we have

Rt (Vﬁfﬁnc) — Rnia (Vﬁiufl C) c
N(0,1)
O-M,n—‘rl\/M M—o0

where op/,41 is the standard variation conditioned by the training set, defined as

A

2
(i)~ 2 ()|

2
VA (i) = V2 ()| )

2
OMnt1 = Var s <

trunc

Use inequality Vn+1 (Xny1) — Vn]‘j{l(XnH) < (N =n)||flloo + ||9lloo to bound oprpnt1 by a
constant that does not depend on M, and get

M
Rn—i—l (Vrfiulnc) - Op ( logj&M) + % Z
=1

2
vapex ) - VML (X)) )
which, after noticing that

Z

X(m V X(m) 2
n+l n+1( n—i—l) 9

M
trunc
n+1 n—i—l) VnJrl( n—i—l‘ <57 Z

implies:

Rty (V,ii“fm)—(’)p( log]& it o Z‘@ () nH(Xﬁ{)f). (4.42)

Once again from the central limit theorem, we derive:

= (M) O M log(M) : M 2
<I>1€anM Z ‘(I) Xn+1 Vn+1 n+1 ‘ =0Op ( M + (I)ler%)fM (I)(XnJrl) anJrl(‘Xanrl)H2
(4.43)
Indeed, first write
. 1 & (m) S () [P log(M) . M 2
P q)g%)fM M Z::l ‘(I)(XnJrl) - Vn+1(Xn+1)‘ < M + q)lef%;fM D(Xny1) — Vn+1(Xn+1)H2

M
. . ) |2 log(M .
<P < Z ‘@(X(m)) — VA_/;[_1(X7(L+)1)’ =< ]S/[) + <I>1€I%7fM

B(Xo11) - V%(Xnm)]j)

for all ® € Vyy,

<v (3 32 etz - ] < o5 4 oo - ).
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- . 2
where ¢ = argmin H@(Xn_l,_l) - V,f‘f{l(XnH)H2. Then apply the Central limit theorem to

deVy
get (4.43).
Plugging (4.43)) into (4.42) leads to

log(M) .
trunc | __
Fonsa <Vn+1 ) =Or ( M ehl,

~ 2
(Xi1) - vn%(XnH)HQ) .

Apply the triangular inequality to finally obtain:

runc 1Og M
Rny1 (Vnt+1 ) = OP< ]\(4 ) + @er%sz 1@ (Xnt1) = Vi1 (Xns1) 15

|

. 2
Vi1 (Xny1) — Vn]‘il(Xn-‘rl) H2 ) .

It remains to notice that

A

2
Vst (Xan) = V(X)) < (V== )1 flloe + llgllo) |

A~

Vi1 (Xng1) — Vn]\j[r1(Xn+1)H

M1’

to obtain inequality (4.41)).
Step 3: let us show
. . log(M)
[0~ s, = s (pMnMﬁw 00 | int A a2 (%)
(4.44)

+ ||V (Xa) = Va(Xa)

M,1>'

H‘_/nM . ‘_/T(L)ptHM,l < 28ensti + 8gpprox’

Note that once again it holds

which can be shown by similar arguments as those used to prove of inequality (4.25). It
remains to bound the estimation and approximation errors by using estimations (4.36|) and

to got (1),

Step 4: We show

V27 (X) = Va0 < Il [V

i1 (Xng1) — Vn+1(Xn+1)HM . (4.45)

)

A~

+ [I7lloo {[ VAT (Xnr1) = Vit s (Xn41)

HMl’

)

where X,,11 ~ p. For this, denote by (Vbogng ~ the following auxiliary process:

Vile) = gla) A
(x) = infaEA{f(x,a)—I—EM[Vn]\J/fl(F(x,a,enH))]}, n=0,...,N—1,
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and notice that we have under assumption [(Hd)|

1V () = VX g < ||V 60) = V)| + [P (X) = Va0,
< Irfloo ‘ Vil (Xng1) — Vn—i—l(Xn—i-l)HMl
1l || Va5 (Xns) = Vi2fs (Xa) |

as stated in (4.45)).

Step 5 Conclusion: By plugging (4.39)), (4.44) and (4.45)) into (4.38]), we derive the following
bound for the Lh.s. of (4.38):

VM(XN) - Vn(Xn)

_ NMYM o [log(M)

+ i 1P(Xn1) = Virr (K1) ag + inf |A(Xn) = a2 (Xn) |y

+ ‘ VML (Xn) - Vn+1(Xn+1)HM1 ), as M — +oo.

By induction, we get forn =0,...,N — 1:

M nMYM 2 [log(M)
Xn) = Vo(Xy = e
V' (Xn) = Va(Xn) i OP( L ML iR ey
4 sup inf HA(Xk)—aZpt(Xk)H

n<k<N A€AM M,1

+ sup inf [|O(Xk) = Vi(Xi)lla |
n+1<k<N PEVM '

which is the result stated in Theorem [£.3] O

A Appendix

A.1 Localization

In this section, we show how to relax the boundedness condition on the state space by a
localization argument.

Let R > 0. Consider the localized state space By (0, R) := X N {||z|la < R}, where ||
is the Euclidean norm of R%. Let (X'n)
probabilities as

0<n<N be the Markov chain defined by its transition

P (XnH € O‘Xn = x,a) = / r(xz,a;y)drr o u(y), forn=0,...,N—1,
O

for all Borelian O in Bf (0, R), where 7 is the Euclidean projection of R? on Bj( (0, R),
and 7 o p is the pushforward measure of p. Notice that the transition probability of X
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admits the same density r, for which [((Hd)| holds, w.r.t. mg o p.

Define (V,%),, as the value function associated to the following stochastic control problem

n
for (X”)OgngN:

Vi) = g(), .

VE(z) = éréfé E Lz: [ ( Xk, ag) +g(XN)] , formn=0,...,N—1, (A1)

forxz € B (;Y (0, R). By the dynamic programming principle, (V,*),, is solution of the following
Bellman backward equation:

ach

VA(r) = inf { F(e,0) + B4 [ (vn(F@.a,2001)))] } Vo € BX(0, R),
where, again, mg is the Euclidean projection on B(QY (0, R).

We shall assume two conditions on the measure p.
(Hloc) p is such that:

E[lrr(X) = X|]] —— 0 and P(|X|>R) —— 0, where X ~ p.

R—o0 R—o0

Using the dominated convergence theorem, it is straightforward to see that [(Hloc)| holds
if 4 admits a moment of order 1.

Proposition A.1 Let X,, ~ u. It holds:
‘| L

VE(rRr(Xn)) — Va(Xa) 1= [|7floo

| € IVl (LB 7R (X0) = Xal] 4+ 2P (1 Xa| > R) )

+ gl lrll% "E [Imr(Xa) — Xl

1—xP
1—x

where we denote |V = sup ||Vi|leo, and use the convention =p forx =0 and
0<k<N

p > 1. Consequently, for alln=0,...,N, we get under|(Hloc )|:

E ([ (rr(Xn)) = Va(X0)

} — 0, where X, ~ p.
R—o0

Comment: Proposition states that if X' is not bounded, the control problem
associated to a bounded controlled process X can be as close as desired, in L!(u) sense,
to the original control problem by taking R large enough. Moreover, as stated before, the
transition probability of X admits the same density r as X w.r.t. the pushforward measure

TR O L.
Proof of Proposition Take X,, ~ p and write:
B[V (rr(Xa)) = Va(Xo)| | < B [[GR(X0) = Va(X0)| 13, 1<r]
FE[VR(rr(X) ~ VaX) [Ton] . (A2)
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Let us first bound the first term in the r.h.s. of (A.2)), by showing that, forn =0,..., N —1:

E [[VR(X0) = Va(Xa) 1, 1<) < 7B || V1 (m(Xn41)) = Vit (X))

+ [ olVasillooE [[7r(Xns1) — Xngal], with Xpgq ~ p.
(A.3)

Take x € B4(0, R) and notice that

780) = Vao)| < jut {1V (o) = Vasa )] o3 ) )
n / Vit ()] (e s 7R () — r(asa y)\du(y)}

< 7ok [V (1(Xn41)) = Vaa (Xng) ]
+[r ]LHVnJrlHoo [[7r(Xnt1) — Xnt1|],  where Xy ~ pu.

It remains to inject this bound in the expectation to obtain (A.3)).
To bound the second term in the r.h.s. of (A.2)), notice that

|VnR(7TR(Xn)) - Vn(Xn)‘ <2[[Valloo
holds a.s., which implies:

E [|[V, (mr(Xn) = Va(Xa)|Lix, 12 1] < 2[VallooP (1 Xn| > R). (A.4)

Plugging (A.3)) and (A.4) into (A.2)) yields:

E[|VE rr(Xa)) = Va(Xa)]| | < ok | [V, (R (X)) = Visr (X
+ Vsl IR (Xa1) = Xgal] + 2 VallP (1 Xa] > R).

with X, and X, i.i.d. following the law u. The result stated in proposition then
follows by induction. O

A.2 Forward evaluation of the optimal controls in A,

We evaluate in this section the real performance of the best controls in Ayy;.
Let (aztM )N ! be the sequence of optimal controls in the class of neural networks Ay,

N— 1

and denote by (J;; AM Jo<n<n the cost functional sequence associated to (a;\™ )Y ! and char-

acterized as solution of the Bellman equation:

T (@) = g(x)

Ty = inf {fa A@) + B, 4 (X))}

where IEﬁ x, '] stands for the expectation conditioned by X, and when the control A is
applied at time n.

In this section, we are interested in comparing JAM to V,,. Note that V,(z) < JAM ()
holds for all x € X, since A, is included in the set of the Borelian functions of X. We can
actually show the following:
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Proposition A.2 Assume that there exists a sequence of optimal feedback controls (a%pt)ognSN,l
for the control problem with value function V,,, n=0,...,N. Then it holds, as M — oo:

E [TV (X,) — Vo(X,)] = O ( sup inf E[|A(X)) - agpt(xkn]) . (AB)

n<k<N—1A€An

Remark A.1 Notice that there is no estimation error term in (A.5), since the optimal
strategies in Aj,s are defined as those minimizing the real cost functionals in A4, and not
the empirical ones. O

Proof of Proposition Let n € {0,...,N — 1}, and X,, ~ pu. Take A € Ay, and

denote J(X,) = f(z, A(x)) + Eﬁ,Xn [J;:lﬁ(XnH)]. Clearly, we have JAM = Arg,ialn JA
M
Moreover:

E|JA(X0) = Va(Xn)| < B[S (X0, A(X0)) = f(Xn, (X))

+ E[IJfﬁ (F(Xn, A(Xn), ent1)) — Va1 (F/( X, azpt<Xn)>5n+1))q
< [FILE [|a3" (Xn) — A(Xa)]]
o+ E|[Va1 (F(Xn, A(Xn), £01) = Virrt (F (X, a3 (X)) |
B[l (F (X0, AX0), 2041)) = Vaosd (F(X, ACX),2010))]
(A.6)
Applying assumption [(Hd)| to bound the last term in the r.h.s. of (A.6]) yields
B[ (Xa) = Va(Xa)] < (112 + Vs ool E e (Xa) — ACX)]]
o [T (Xnt1) = Vasa (X1l
which holds for all A € Ay, so that:

B[S (X0) = ValXa)] < (fle+ Ve Iz inf B [Ja? (X) = A(XG)]

7o || (Xnt1) = Vi (X
(A.5)) then follows directly by induction. O

A.3 Proof of Lemma [4.1]

The proof is divided into four steps.
Step 1: Symmetrization by a ghost sample. We take € > 0 and show that for
2

M9 (N =n)l1lloo +llgllo0) , it holds:
> 5]

£2

A @5

LS~ (500, 4Gy + 51004] w2 @0 )
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where:

° (Xk(m)hgmgM,ngng is a copy of (X,gm))lngM,nngN generated from an indepen-
dent copy of the exogenous noises (5;§m))1§m§ Mn<k<N, and independent copy of ini-

'(m)

tial positions (X»""")1<m<n, following the same control a}! at time k=n+1,..., N —

1, and control A at time n,

e We remind that Y,S +1) has already been defined in (4.5)), and we similarly define

m (m),A m),A m),A
v, §j FEA ! () + g™,
k=n+1

Let A* € A,s be such that:

MZ[ SO, 400 + 1] — B[R )] > e

if such a function exists, and an arbitrary function in Ajy; if such a function does not ex-

ist. Note that 4 M, [f( A (x ™)) + v } —E[JA* (e ”“(Xn)] is a r.v.,
which implies that A* also depends on w € ). Denote by Pj; the probability condi-
tioned by the training set of exogenous noises (El(cm)hgmg Mn<k<N and initial positions
(X ,gm))lgmg Mn<k<N, and recall that Ej; stands for the expectation conditioned by the

latter. Application of Chebyshev’s inequality yields

M
A* (a 1 m),A*
Py EM[J s(ay, )k n+1(X/)} . M Z [f(X;Sm)7A*(X;§m)))+Y( ),A ] > ;]
m=1
Vary, [JA* J(@ap)s 7L+1(X’I/’L)i|
<
B M(e/2)?
2
< (N =n)|[flloo + llglloo)
— M82 )
A*7(ak )

k= n+1(X/)

where we have used 0 < (N —n)||flloc + [|g]lcc which implies

wmd%“%hwmvﬂzwm4%“%%mmw)( ﬂ%ﬂm+MM}

2
" 2
2
- (V=) /]l + llgll)
< 4 )
(v )
Thus, for M > 2 ( _n)Hfngr”g”w , we have
[A*< MR } 1M[ (m) 1(m) (m)A] el .1
P | |Eae|J, X)) - = ST A, AN (X)) Y <S>
Mm:1 2 2
(A.8)
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M
1 i ~ (m). A* A* (aM N-1
> IP’[ = 3 [, A ) + V| - B (@ )’“*"“(Xn)}

1 M B ~ ) A* A* (&M)N—l
= 37 A A ) + 1P| < B | )| <

DN ™

1 M (m) (m)\y | (r(m),A* A (aph) )
Observe that 57 >, [f(Xn CAN(XS )Y ] —En [Jn k=X, | is measur-
able w.r.t. the o-algebra generated by the training set, so that conditioning by the training
set and injecting (A.8)) yields

AeAy, M

A (N

FOXEm, AT ) + 7 | = Bar | 2 (X))

SIS
NE

>g]
>g],

2
for M > 2 ((Nin)“f!er”g”m) , where we use the definition of A* to go from the second-to-
last to the last line. The proof of (A.7) is then completed.

Step 2: We show that

N-1

M N
% 3 [f(Xém),A(Xflm))) + Yéff”“} - E[Jf’(a%’“:"“(Xn)}
m=1

1
= —-P| sup
2 _AE.AM

M N-1
E sup [f()(?(lm)7 A(X(m))) + Yrgzzl),A} E[J;?a(ak )k:n-‘rl (Xn)} u
Ae Ay m—1
1 & .
<4E| sup |2 ST [FXELAKE) + HEA = FOG0, AXG) - 740
AeAps Mm:l
1
+ 0O . A9
() (49)
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Indeed, let M’ = \/i(an)”\f)]'\ing”“, and notice

| o [y 3 [roxte a7 - 2[4 ]|
- /0 Tp LselfM % j::l [ FOXI™ | A(X Y)Y ?;_T}A] K [Jf’(d%{“t”l“(Xn)] > g] de
= [e] o | mf: [r0em, Ay + 704] — B[RO )| > ¢ ae
+ / OO P LSG?M % i:l [, acxmy) + v, - E{Jf’(&kM)g;"l“(Xn)] > 5] de
< VA= ol
+4 /Ooo Pl swp % mzi [, acxmy) + v,
— F(X/m) A (X)) — Y;ﬂ?ﬂ > g] de. (A.10)

The second term in the r.h.s. of (A.10) comes from (A.7). It remains to write the latter as
an expectation to obtain ({A.9)).

Step 3: Introduction of additional randomness by random signs.
Let (7m)1<m<m be i.i.d. Rademacher r.vﬂ We show that:

M
E| sup i f X(m)7A x (m) _,_f/(m),A_f X/(m),A x!(m) —Y/(m)’A
n n n+1 n n nt1
A€AM m=1
M
1 > A
<4E| sup |— T Xém)’A XT(Lm) + v m . A1l
<AE| sup | 3 [0, A + 170 (A11)

Since for each m = 1, ..., M the set of exogenous noises (sgm))nngN and (5,(;”))”3;93]\1 are
i.i.d., their joint distribution remain the same if one randomly interchanges the correspon-

°The probability mass function of a Rademacher r.v. is by definition %6,1 + %51.
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ding components. Thus, it holds for € > 0:
M

n

It remains to integrate on Ry w.r.t. € to get (A.11]).

Step 4: We show that
M

B s |5 3 [ ACE) £ 0 }]

< (N = 1)l flloo + llglloo

- VM
N-1

+< fle Z L mvan) ™ IFLE A n[F]gn[g]L>
=n—+1
,7]\]\; nn]]\\g n
= O<\/M>, as M — oc. (A.12)

Adding and removing the cost obtained by control 0 at time n yields:

M
3 (PR A + 700

E| sup ]
AcAn m=1
1 M ()
< 72 (m) > (m),0
=B ‘Mm1rm<f(X” 0)+Y, )
RS (m).A _ 3-(m),0
+E| sup |— > (FXT,AXI)) = (XM, 0) + Y10 =Y
Sup a2 (f( ( ) — f( )+ Y, n+1)

We now bound the first term of the r.h.s. of (A.13)). By Cauchy-Schwartz inequality, and
recalling that (ry,)1<m<nr are i.i.d. with zero mean such that r?n =1, we get
2]

|~ SH{E e
ﬁ(( = )| £lloe + llgll) (A.14)

(Fexgm, 0+ 320°)

IN

e T
R

IN
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Turn now to the second term of (A.13]). By the Lipschitz continuity of f, it stands:

M
E[ sup | > i (FOXI, AXE™) = F(XI,0) + VA = V) ]
AcAy m=1
<If E[ sup rm A(X™) }—I—]E sup Tm Yrg ’A—Yfgm)’o
FILE| gup | 3 rmd( || +E| g > (T = i)
N-1 k
< <[f]L+[f]L Z (T+nmyar)” "E | sup C (e])
k1 k@ngﬂfj nt1

where we condition by the exogenous noise, use assumption (HF-PI) and the nasyas-
Lipschitz continuity of the estimated optimal controls at time k, for k=n+1,...,N — 1.
Now, notice first that

N N

E| sup H CEl)| < H E| sup C(ef)| < pf\v/[_", (A.16)
lsmaM 2o k=n+1 [1Sm<M
and moreover:
M M
E[ sup ‘Z rmA(X,(Lm))H < 'yM]E[ sup rm(vTXflm))JrH
AeAps m=1 [v]2<1/R m=1
M
< 'yM]E[ sup r ’UTX(m)H, (A.17)
lla<1/R |52

where R > 0 is a bound for the state space (see e.g. the discussion on the Frank-Wolfe step
p.10 of [1I] for a proof of this inequality), which implies by Cauchy-Schwarz inequality:

IN

n

IE[ sup %rmA(X(m))H

AeAyp,

2 el] 3 ]

m=1

< YymMvM

since the (ry,)m, are i.i.d. Rademacher r.v. Plug first (A.16)) and (A.17) into (A.15)) to
obtain

M
E[ sup | D r (FOX, ACGXI)) = F(X,0) + ?(TE’A—?iTE’O)]
Ac Ay m=1

N-1
< ([f]L +[fle Z (1+ UM’YM)kin,Oﬁfn + [9]L <1 + U]J\V/[_n%\]\}_n) p%‘”) VM.
k=n+1
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Plug then (A.14) and (A18) into (A13) to get (A.12).
Step 5: Conclusion

Plug (A.12)) into (A.11)) and combine it with (A.9) to obtain the bound on the estimation
error, as stated in (4.10) of Lemma O

A.4 Proof of Lemma [4.2]

Let (&%)i\;—r}ﬂ be the sequence of estimated C(])vntlrols at time k =n+1,....,N — 1. Take

A7 a —
A € Ajr and remind that we denote by J, (@)=
control A at time n, and &I]cw at time k =n+1,...,N — 1. The latter is characterized as

! the cost functional associated to the

solution of the Bellman equation

A(DR

I (z) = g()
5 No1 a N—-1
T @) = g ) + B, [T )]

where Eﬁ,m[-] stands for the expectation conditioned by {X, = x} when feedback control A
is followed at time n.
Take n € {1,..., N}. It holds:

approx . A (@S . A5
Eply = AlerjéfMEM JIn (Xn) _AlenAfXEM Jn (Xn)
— inf E [JA’(&)’“N_"l“(X )] —E[Vo(Xn)] + E[Vi(X,)] — inf E [JA’(d)’“N_"l“(X )]
AE Ay M n n n n n n ACAX M n n
a N-—-1
< inf Ey {Jf’( )’“—"“(Xn)] CE[Vi(X,)], (A.19)
Ac Ay

where the last inequality stands because the value function is smaller than the cost func-
tional associated to any other strategy. We then apply the dynamic programming principle
to obtain:

ANt

min K/ | Jn

AeAp |:

~\N—1
< inf Ey [f(Xn,A(Xn))+Eﬁ [Jfff’;”“(xnﬂ)”
AcAyn

opt

— B [ (X a2 (Xa)) + B2 Va2 (X)) (4.20)

To bound the r.h.s. of ({A.20]), first observe that for A € Ay:
a N-1 opt
Enr f(Xna A(Xn)) + Eg |:J75-211€:n+1 (Xn—i-l)]] -E [f(Xny a?Lpt(Xn)) + EZ ’ [Vn-l—l(Xn-f—l)] }
ayN -1 op
< B (1 (X ACK)) — (X 0P (60) ] + Eae [T (Koit) = B8 Vo (X0

< (U + Vo oo 12 E [JACKR) — P (X)) + oo [ZA (X) = Vies (Xi)]
(A.21)
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where we used twice assumption [(Hd)|at the second-last line of (A.21)). Inject inequality

(d);ICV;nIJrl . Av(&)kN;n1+2 estt
Ep [Ty 6= (Xir)| < inf B0y (Xpa1)| + 26510
Ac Ay
into (A.21)) to obtain:

En [f (Xn, A(Xn)) + Efl‘ [Jfl??—_nlﬂ (Xn+1)]] —E [f (Xn, azpt(Xn)) + Eglom Vi1 (Xnt1)]

< (fle + Vaslloolr]) E [|A(XR) — aP" (Xa)]

. Av(d)N;nl esti
+ Hr”ooAlel}{M En {Jn—i-l * +2(Xn+1) - Vn-i-l(Xn-i-l)] + 2H7’||005n+t1' (A.22)

Plugging (A.22) into (A.20) yields

A(DR

inf Ep |Jn (Xn)} — E[Va(Xy,)]

Ac Ay |:

. A@)pz) -
< HrHooAgjéfM En [JnHa (X)) — Vn+1<Xn+1>} +2[Irlcoeny

+ (AL + Vot llolr]e) [[A(X) = a? (Xn)]]

inf E
AcAn
which implies by induction, as M — 4-o00:

E[ inf Eu [Jf’(&)]kv_”lﬂ(xn)] —E[Vn(Xn)]]

Ace Ay

=0 su E [e5] +  su inf E[|A(X,) - aP'(X, >

We now use Lemma to bound the expectations of the sf,sfik fork=n+1,...,N —1,
and plug the result into (A.19) to complete the proof of Lemma O
A.5 Function approximation by neural networks

We assume ap?'(X,,) € L?(u), and show the relation (.§) in Proposition
The universal approximator theorem applies for

A= Aw,
M=1

and states that for all € > 0, there exists a neural network a* in Ay such that:

€
su aPt — g* <
ngkgg—ln K oo Va(X)’

where Vy(X) stands for the volume of compact set X' seen as a compact of the euclidean
space R%. By integrating, we then get:

sup / ‘azpt(x) —a*(x)|dp(z) <e,
n<k<N-1JX
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Also, notice that (AM) M1 is increasing, which implies that Ay, = limp; 400 Apr, and
gives the existence of M > 0, that depends on €, such that a* € Ajy;.

Therefore, we have shown that for n =0,..., N — 1

su inf E[|JA(X:) — a®(X)|]] —— 0,  with X} ~ p,
ngkgqueAM [1AX) = 0™ (X) ] M—o0 koK

which is the required result stated in (4.8)). O

We now show (4.9)) of proposition

As stated in section 4.7 of [I]: proposition 6 in [I] shows that we can approximate a c-

~var \ —2d/(d+1) Y
(724) log 42,
and proposition 1 in [I] shows that a function with v less than 7, may be approximated
KA—/[(d+3)/ (2d)

Lipschitz function by a y;-norm less than s and uniform error less than ¢

with Kjs neurons with uniform error vy,
Thus, given Kj; and 7y, there exists a neural network a* in Vj; such that

x_ o Y\ 24/ () Y™ —(d+3)/(2d
|a* — a®P'||o < ¢ <7> log (T> —I—’yMKM( /(@) (A.23)

a

A.6 Proof of Lemma [4.3

We prove Lemma [4.3] in four steps. Since the proof is very similar to the one of Lemma
[4.1] we only detail the arguments that are modified.
Step 1: Symmetrization by a ghost sample. We take ¢ > 0 and show that for M >

o (V=)o lglec)
52

, it holds

M
1 - N
el (m) (m) (m),A| _ (m) (m) (m),A
IP[ASELLEW M mzl [f(Xn 7A(Xn )) + Yn+1 } E[f(Xn 7A(Xn )) + Yn+1 } > 8]
M
1 m m o-(m),A 1(m 1(m o/ (m),A €
m=1
(A.24)
where:

M
m=1’

o ()

_, is aiid. copy of (X,(Lm))

. (gml)r]\le is a i.i.d. copy of (8%1)%:1’

e we define
YrETl)’A = an\—{-l (F (Xr(bm)7 A(Xag,m))leﬂ)) )
and

A g (), A (X))

Proof: Since VnM the estimated value function at time n, for n=0, ..., N — 1, is bounded by
construction (we truncated the estimation at the last step of the pseudo-code of the Hybrid

algorithm), the proof is the same as the one in step 1 of Lemma O
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Step 2: The following result holds

M
E il X Ax M) 4 ymAL gl m) Ax m)yy 4y M)A
[ASGI;PM M mzl [f( n ( )) + n+1 } {f( n ( n )) + n+1 }
1 Y (m),A (m),A
< il (m) (m) y (), A /(m) /(m)yy _ y/ (m);
<dB| s |53 £, AXE) + VA = 16, AGm)) - Y]
1
+0 . A.25
() (r29
Proof: same as step 2 in the proof of Lemma O

Step 3: Introduction of additional randomness by random signs.
The following result holds:

M
1 o-(m),A 1(m),A
E| sup |— X AX Y)Y 4 YA pxom)A(xm)y) -
LGAM a7 2 [fOm A + Vi = 1 (X)) = Vo]
M _—

<AE| sup |— ) | f(XIAXY) 4y ) A.26
<aB| s |53 £, A + Y (4.26)
Proof: same as step 3 in the proof of Lemma O

Step 4: We show that

M
1 - (m (N =n)[[flloc + llglloc
El sup |— e XT(Lm),A Xr(Lm) JrY( ), A <
(57 2 A A + V0] | < Nni
+ ([f]L + paymnnr) %
2
_(’)<W\/%7M), as M — +o0.
(A.27)

Adding and removing the cost obtained by control 0 at time n yields:

M
1 5 .
L (m) (m) 1 (m) (m),0
Bl sup m§: rm<f(X AXMY)) + 7 ‘ F(X™ 0) 4+ v, )]
Ry (m),A _ y-(m)
+E| su o [ F(X0™, AXI™)) = F(X™,0) + Y074 —y im0
vl Mm§:1 (f( (X)) = f( )+ Yo 1 )

(A.28)

The first term in the r.h.s. in (A.28]) is bounded as in the proof of Lemma |4.1| by

(N = ) flloo + llglloo
NiT .

48



We use the Lipschitz-continuity of f as follows, to bound its second term:

E| sup | 3 rm (X0, AXEM)) = F(X0,0) + V0 = 7 0)0) ]
AeAn m=1
M M
< s g | 32 roat ] | | S5 5505200 |
AeAn m=1 AeAp m—1

< (Ifle + panmym) E

Ac Ay m=1

M
oy S|

where we condition by the exogenous noise, use assumption (HF'), and the ny;vy/-Lipschitz
continuity of the estimated value fonction at time n + 1.
By using the same arguments as those presented in the proof of Lemma[4.1] we can first

bound E [SUPAeAM ‘ Z%zl rmA(XT(«Lm))” as follows:

M
E[ sup | > rmA(X,gm))H <yuvVM, (A.29)
AcApym m—1

and then conclude that (A.27) holds.
Step 5: Conclusion
Combining((A.25)),(A.26]) and (A.27)) results in the bound on the estimation error as stated

in (£23). :

A.7 Proof of Lemma [4.4]

We divide the proof of Lemma [£.4] into two steps.
First write

SRS it Eay [ (X, ACXa)) + V2 (X) ]| — EVa(X0)]

FEVa(X0)] - inf By [f (X0 AKD) + VM (KGh0)] . (A30)
Step 1: We show
inf Ear |f (X ACXa)) + Vilhy (Xiket) | — E Va(X0)]

AeAps
< (Ufle + Varlolrlz) inf Ear [JAX) — P (X)[] (A31)

Vi1 (Xnt1) — an\-/il—l(Xn—H)H :
Take A € Ay, and apply the dynamic programming principle to write
Exr [ (Xa, A + Vi (Xh) | = B (Va(Xa)
< [F1Bar [JACX) = a2 (X)|] + Bar [Bar [VM (54 0)] = B [Van (x250)]]
< (U1 + IVasalloelrlo) Ene [JAXR) — P! (X))
+Eu | |

+ rllocEar |

VM (X ) = Vi (X4 )
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where we used [(Hd)|at the second-to-last line. By using one more time assumption [(Hd)|
we then get:

Ear [ £ (Xny ACX)) + V2 (Xik) | = E[Va(Xo)]
< ()2 + WVasallolr]2) Ear [[A(Xa) = P (X0)]]
oo [[7

an\il (Xn+1) — Voq1 (Xn-i-l)

] ,  with Xp41 ~ p,
which is the result stated in (A.31]).

Step 2: We show

E[Va(X,)] — inf Ear [ (Xa ACX) + Gy (X)) (A52)
< IrllocEar | |

Vi1 (Xnt1) — an\ﬁ(XnH)H :
Write
E V(X)) = inf Ear [£ (Xas ACX) + Vi (X))

< inf Ey [f (Xn;A(Xn)> + Vit (Xrﬁ-l)] — inf Ep [f (XmA(Xn)) +an\4/[-1 (Xv?—kl)}

< Aiengx Eps [Vn—H (X;?—H) —- VM (quﬂ)]

< WrlloeEar | [Vt (K1) = V2 (Xosn)

which completes the proof of (A.32)).

Step & Conclusion:

We complete the proof of Lemma by plugging (A.31)) and (A.32)) into (A.30]). O

A.8 Some useful Lemmas for the proof of Theorem

Fix M € N*, let 1,..., 2y € RY, and set 2™ = (x1,...,27). Define the distance da(f, g)
between f: RY — R and ¢ : R? — R by

1 M 1/2
Bif9) = <M D 17 Gm) —g(xm>12> .
m=1

An e-cover of V (w.r.t. the distance d2) is a set of functions fi,..., fp: R% — R such that

min _dy (f, fp) <e, for feV.
p=1,...,P

Let Na(e,V, 2M) denote the size of the smallest e-cover of V w.r.t. the distance da, and

set Na(e,V,2M) = oo if there does not exist any e-cover of V of finite size. N3 (e, V,z™) is

called L2-e-covering number of V on zM.
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Lemma A.1 Let (X,Y) be a random variable. Assume |Y| < L a.s. and let
m(z) = E[Y|X = z].
Assume Y — m(X) is sub-Gaussian in the sense that

max 2K |eY —m(X)?/e* _ 1|X] <o’ as.
m=1,...,
for some c,a > 0. Let vyr, L > 1 and assume that the regression function is bounded by L
and that vy —— 400.
M—+o0

Set
1 M _ 9
mpy = argmin — E |®(x) — Yo

eV m=1

for some Vi of functions ® : RY — [—yar, yar] and some random variables Y1, ..., Yas which

are bounded by L. Then there exists constants c1,ca > 0 which depend only on o and c such
that for any dpr > 0 with

M6
oy —— 0, and I 4
M —+o0 YM M—+oo
and
1/2

VM /“3 ( u { 1 Y > 4

C Z IOg VR f*ngVM,i fl'm — 9 Tm Si 7IM du
el 2\ 7 Mm;\ (@m) = g(@m)] 2 (0

for all § > dpr and all g € Vs U {m} we have as M — +00:
2 1 > 12 2
E[\mM(X) — m(X)] } = Op (Mn; Yo — V| + 61 + @gijE[}@(X) —m(X)] D .
Lemma A.2 Let Vi be defined as in Section[f.4 For any e > 0, we have

12evp (Kpr + 1
9

) (4d+9)K1\/j+1
N (5>VMa(X7sm))1§m§M> < ( )
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