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Introduction



Time series generation

• What is it?

• Why is it interesting for the industry?

• Why now?
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Time what?

Generate new data as faithful as possible to the real data.

The model has to capture marginal distributions and temporal

dynamics.
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Why?

Time series modelling is needed by most of decision making

processes:

• Risk management: hedging, stress testing, investment

decision

• Asset management: power plant optimization, portfolio

management
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Why now?

Deep Reinforcement Learning allows to lift some of the hypothesis

required by stochastic control tools.

We are now able to deal with problems in dimension 100 but we do

not have satisfactory enough models to use this breakthrough.

⇒ Better models for risk factors are required.
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Global approach
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Approach

Model-based

VS

Model-free
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How to do it?
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Generative Adversarial Networks [GPAM+14]

inf
θ

sup
ϕ
` (dϕ(x), dϕ(gθ(z))

Question: Which loss ` to be minimized for faithful generations?

Question: How to transform the data for faithful generations?
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About loss

The Wasserstein distance (or Kantorovich-Rubinstein) between

probability distributions

Wc,p(µ, ν)
∆
=

(
inf

π∈Π(µ,ν)

∫
E×F

c(x , y)pdπ(x , y)

) 1
p

Examples on images with Wasserstein GAN [ACB17] or Sinkhorn

GAN [GPC18].

Wc(µ, ν)
∆
= inf

π∈Π(µ,ν)
Eπ [c(x , y)]
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Recent applications of GAN for time series

• COT-GAN [XWMA20]: uses a time Adapted Wasserstein

distance for continous time

• Signatures [CK16]: embeds path trajectories with signatures

• DVD GAN [CDS19]: combines a spacial and a temporal

discriminator

• Time Series GAN [YJvdS19]: applies deep embedding on a

latent space while training a GAN
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COT-GAN (1/2): Adapted Wasserstein distance [BVBBE20]

Figure 1: Close in Wasserstein, very different for utility maximization.

We want the transport T (s.a. T (µ) = ν) to be non-anticipative,

i.e. (T1(X1,X2),T2(X1,X2)) ∼ (Y1,Y2).

Causal Wasserstein distance:

Wcausal
c (µ, ν)

∆
= inf

π∈Πcausal(µ,ν)
Eπ [c(x , y)]
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COT-GAN (2/2): Application of Causal OT [XWMA20]

Definition: Adapted Wasserstein distance in continous time setup

AWp(µ, ν)
∆
= inf

π∈Π(µ,ν)
Eπ
[
(x − y)

p/2
t + MVt(|x − y |p)

]1/p

where MV denotes the mean variation, i.e. MVT (Z) = sup∆
∑

ti∈∆

∣∣∣E[Zti+1
− Zti

|Fti+1
]
∣∣∣

Adapted cost function:

cKϕ (x , y) = c(x , y) +
∑
j

∑
t

hjϕ1,t(y)∆t+1M
j
ϕ2,t(x)

where h,M are neural networks parametrized by ϕ = (ϕ1, ϕ2).

Causal OT GAN:

inf
θ

sup
ϕ
Wcϕ(µ, νθ)
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Signatures [CK16]

Definition: The signature of a path X : [a, b]→ Rd , denoted

S(X )a,b is a collection of all the iterated integrals of X :

S(X )a,b = (1, S(X )(1), ...,S(X )(d), S(X )(1,1),S(X )(1,2), ...).

where the k-fold iterated integral of X is:

S(X )
(i1,...ik )
a,b =

∫
a<tk<b

...

∫
a<t1<t2

dX i1
t1
...dX ik

tk

d=2 d=3 d=6

k=1 2 3 6

k=3 6 12 42

k=5 62 363 9330

k=7 254 3279 335922

Table 1: Size of S (k)(X ) for different coefficient k and dimension d of X

Some applications SigCWGAN [NSW+20], SigCVAE [BHL+20]
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DVD GAN [CDS19]

Figure 2: Time Series GAN scheme

While the spacial discriminator focuses on time marginals and

critics images in high resolution, the temporal one considers the

full sequence of images in low resolution. 14



Time Series GAN [YJvdS19]

Figure 3: Time Series GAN scheme
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Problems

• No control on generations

• Learning marginals is not enough

• Learning joint distribution too (for now)

• Few theoretical results

Figure 4: Left: Unsatisfactory generations from GAN Right: Reference

(Ornstein-Uhlenbeck).
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Conditional Euler Generator



Main Contributions

• New time series generator, called CEGEN, combines an Euler

structure with a dedicated loss on conditional distributions

• A theoretical result ensuring a bound for the process

parameter estimation error.

• Numerical study on synthetic and various real world data sets:

accurate correlation structure up to dimension 20

• Model-based mixture with transfer learning when few data is

available.
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CEGEN - Model

We are given i.i.d. samples of a time series, viewed as a Itô process

X = (Xt)t :

dXt = bX (t,Xt)dt + σX (t,Xt)dWt

Deep Euler representation

Xti+∆t = Xti + bX (ti ,Xti )∆t + σX (ti ,Xti )∆Wti (1)

Y θ
ti+∆t = Y θ

ti
+ gb

θ (ti ,Y
θ
ti

)∆t + gσθ (ti ,Y
θ
ti

)Zti (2)

where i = 1..N and Zti ∼ N (0,∆tId).

Our goal is to learn gb
θ and gσθ , approximated by neural networks,

so that the distributions of the processes Y θ and X are close.
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CEGEN - Loss

We build a loss function that compares the conditional distribution

L(Y θ
ti+1
|Y θ

ti
) with L(Xti+1 |Xti ) for each time step ti .

Wasserstein-2 distance definition in the Gaussian case:

W2
2 (L(X ),L(Y ))

∆
= ‖E[X ]− E[Y ]‖2

2 + B2(Var(X ),Var(Y ))

where B is the Bures metric:

B2(A,B)
∆
= Tr(A) + Tr(B)− 2Tr(A

1
2BA

1
2 )1/2
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Motivation

Let ti ∈ {t0, . . . , tn = T}. For z ∈ Rd .

If ∀ε > 0,

W2
2

(
L(Xti+1 |Xti = z),L(Y θ

ti+1
|Y θ

ti
= z)

)
≤ ε

Then,

‖bX (ti , z)− bY (ti , z)‖2
2 ≤ ε

(∆t)2

‖σX (ti , z)− σY (ti , z)‖2
2 ≤

ε

∆t
if d = 1

≤ 2α2ε

∆t
if d > 1 and

Tr
(
σ2
X (ti , z)

)
= Tr

(
σ2
Y (ti , z)

)
= α
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In pratice...

In pratice it is tricky to conditionate at the very same point.

Ŵ2

(
L(Xt2 |Xt1 ∈ I ),L(Y θ

t2
|Y θ

t1
∈ I )

)
≈

W2

(
L(Xt2 |Xt1 = z),L(Y θ

t2
|Y θ

t1
= z)

)
for ball I of radius ∆x ”small”.
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CEGEN - Proposition

Proposition
Assume that σ2

X (ti , .), σ̂
2
Yθ (ti , .) are strictly positive and, together with bX (ti , .) and b̂

Yθ (ti , .), K -Lipschitz in

their second coordinate. For ti ∈ T , let (Ik )k be a regular partition covering Supp(Xti
)∪ Supp(Yti

) with mesh

size ∆x . Let ε > 0.

If for any k,

Ŵ2
2

(
L(Xti+1

|Xti
∈ Ik ),L(Y θ

ti+1
|Y θ

ti
∈ Ik )

)
≤ ε

then, for z in the partition Ik

‖bX (ti , z)− bY (ti , z)‖2 ≤
√
ε + ∆x

∆t
+ 2K∆x

Furthermore

‖σX (ti , z)− σY (ti , z)‖2 ≤
√

ε

∆t
+ 2K∆x if d = 1

‖σX (ti , z)− σY (ti , z)‖2 ≤

√
2α2ε

∆t
+ 2K∆x if d > 1 and Tr

(
σ

2
X (ti , z)

)
= Tr

(
σ

2
Y (ti , z)

)
= α
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Compute Bures metric

B2(A,B)
∆
= Tr(A) + Tr(B)− 2Tr(A

1
2BA

1
2 )1/2

Need to compute matrix roots and their inverses: we use batch

approximation.

Figure 5: Algorithm to compute matrix roots and their inverses [MC18] 25



Some results

Figure 6: Ornstein-Uhlenbeck process samples (blue) and generations

(orange) from COTGAN, TSGAN and CEGEN.
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Real world time series

Figure 7: Left: Discriminative Score Right: Predictive Score
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Transfer learning

We propose to start the training with a reasonably wrong (known)

model and to finish up the training with the few real data samples.

Transfer learning tests show how model-free method can rely on a

proven simulation model without replacing it completely.
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Conclusion

• Generation of realistic time series is particularly interesting for

energy companies or the financial sector

• Generators should not be left free, as this could lead to

damageable consequences

• Contrarily to the existing model-free approaches, we impose

an Euler structure and consider a conditional loss

• Theoretical bound for the estimation error of the process

parameters

• CEGEN manages to get good behavior for synthetic as well as

for real data
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Questions?
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